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TNPEOUCIIOBUE

PeasbHble MpolecCh! NPOTEKAT B NPOCTPAHCTBE H BPEMEHH,
T. €. 3aBHCAT OT HECKOJIKHX OCHOBHBIX aTpHGYTOB MaTepuu. OHH
OMpefe/OTCA TAKXKe JAPYTHMH ee cBodcTBamMu (TeMmepaTypoi,
3apsAOOM H T. [.) . Benuumel, XxapaKTepH3ylolie CBOHCTBa npollec-
COB, BHIPaXaIOTCA Yepe3 pa3iIMuHble NMapaMeTphl (IlepeMeHHEIe CO-
CTOSIHUSI, MOMEHTBI BpeMEHH M T. [1.) ¥ OMMCHIBAIOTCA by HKUMIMH
HecKONMbKHUX (6oJlee OMHOro) aprymeHTOB. AHanu3 (QyHKIMA He-
CKOJIBKMX MepEeMEHHbIX CBA3aH C TaKHMH BaOXHBIMH O6NacTSIMH
¢u3NKH, KaK TeopHs moJie# (CTAlMOHAPHBIX H M3MEHTIOLMXCS BO
BpeMeHH) , TeopHs AU depeHIHATBHBIX MOIelelt MaTeMaTHYeCKO#
¢usMKH U T. N. ITa YaCTh aHANTH3a HMeeT NepBOCTeNeHHOe NPHKIIaf:-
HOe 3HaYeHHe H JIKHUT B OCHOBE aHaJIH3a PYHKIMIH B aGCTPaKTHBIX
NPOCTPAHCTBAX.

B KOHCTpYKTHBHOM OTHOLIEHMM aHanu3 QYHKUMHA HeCKOIb-
KHX TIepeMeHHBIX 3HAUMTEJIbHO CJIOXHee OJHOMEpHOro aHaJiu3a
(aHam3a GyHKUMM omHOM NepeMeHHOH), KaK 3TO MOKa3bIBAlOT
npocrefiiive npuMepbl. JleHCTBHTENBHO, THIMYHBIMH B KayecTBe
MHOXeCTBa 3alaHus HYHKUMH onHON mepeMeHHON ABNAIOTCA NMpO-
MeXYTKH (OTpe3KH, HHTEepBaJbl, NOJIyMHTEPBAJIBI) , HO yXe B CIIy-
yae HPYHKUMM ABYX NMEPEMEHHBIX €CTECTBEHHBIe MHOXECTBa 3ajia-
HHA MMEOT caMylo pa3HooGpasHylo ¢opmy. Ilouatmio mpousBon-
HO#t (QYHKLMM ONHOH mMepeMeHHOH OTBEYaloT TaKHe MOHATHSA, KaK
YacTHasg MPOM3BOJHAsA, MPOM3BONHAA MO HANpPaBJIEHHIO, TPaHEHT
H T. 0. COOTBETCTBEHHO YCIIOXKHSAIOTCA CBSI3H MEXIY OCHOBHBIMH
AHATMTHYECKHMH OGBEeKTaMH. B CMBICIIOBOM OTHOIIEHMH aHAIH3
yHkuMH HEeCKONBKHX NepeMeHHBIX Goraye, HO M 3HAYMTENTHHO
CIIOXHee OMHOMEPHOT'O aHAJTH3a.



Kak noka3sniBaeT ONBIT MpenofaBaHMA aHAINW3a QYHKUMA He-
CKOJIBKUX MepeMeHHbIX, OCHOBHbIe MeTOIMYECKHe TPYyIHOCTH BO3-
JHHKAIOT H3-32 OTCYTCTBMS afieKBAaTHBIX IpadUyecKuX CpedCTB IO-
cTpoenns rpadpuxoB GyHKUMA HECKOIBKHUX NMepeMeHHBIX. Yke Mo-
cTpoeHHe rpadpuka GyHKUMH IBYX IepeMeHHBIX BBIBOIUT B TpeX-
MepHOe NpOCTpaHCTBO. PH3UYEeCKH TaKHe MOCTPOEHHSA OCYILECT-
BUMBI, HO NPaKTHKAa MMOKa3bIBaeT, YTO MCNOJb30BaHHE COOTBETCT-
BYIOLIMX MoJelNlell [alleKo He paBHOUEHHO OGBIYHBIM 3CKH3aM H
yepTexkaM. MHorooGeuraouie npUMeHeHe TUCITIeeB, HO MOKa NpH-
XOIOHUTCHA OTrpaHMYMBATHCA OOLIYHBIMU NMpHEMaMH CeYeHHH M NpoeK-
. ToT ke mpHeM ceueHH#t IO CYLIECTBY UCHONB3YeTCA U INPH Ta-
6ynupoBaHuu (GYHKUMA OBYX IepeMeHHBIX. Bo3MOXHOCTh npHMe-
HEeHWs OIMCAHHBIX I'padHYeCKUX NMPHEMOB NpPH U3yyeHMH QyHKLMi
OBYX MepeMeHHbIX NMOoOYXOaeT U3 YMCTO METOIUYECKHX Coobpaxe-
HUt BBIIENIUTH M3 OGLIErO Kypca aHamu3a pasfell, NOCBSILEHHBIH
byHKIMAM IBYX apryMeHTOB.

CnienyeT NOMYEPKHYTh, UTO BBIABIIEHHE TI'€OMETPHYECKHX
CBOMCTB QyHKIMIt ABYyX NepeMeHHBIX NO3BOJIET C MOMOoLIBIo (pop-
MaJIbHOM 3KCTpaNoJNALMH, TOBEeJeHHON YIpaXHEHUSIMH 10 aBTOMa-
TH3Ma, NpeayrajaTe obume cBoHCTBa (YHKIUMH HECKONBKHX Ile-
PEeMEHHBIX U ONIEpHPOBATh HMH.

JlanHoe moco6ue 3ailyMaHO KakK NMpoaoinkeHHe KHUTH A.A.JTe-
BakoBa, H.B.ITepkkoBo#, JI.I1.UepenkoBo# ~Havana aHanusa B Ha-
riagHoM u3noxennu” (MH.: Bemn. mik., 1982).

Co3paHue HarJIAOHBIX NMOCOGHIt MO aHaM3y BBI3BaHO HEOGXO-
OHUMOCTHI0O H306paXkaTh MPOLECCHI Pa3BUTUS C NMOMOILBIO CTaTHUe-
CKHX Cpe[CTB. B KHMIe HCIIOJIb30BaH MeTOM, IepeMEHHOr0 MacIITa-
6a, MO3BOJISIOLIMH BOCIPUHMUMATh B MHUHAMUYECKOM IJIaHE OUH U
TOT Xe OOBeKT, MONaHHEIH B Cepvu uepTexkel C pa3HOH CTeNeHBIo
nmeraym3auuu. IToT Meton 3ddeKTHBeH NMpH BBECHUH H OCMBICIIH-
BaHHH OCHOBHBIX MOHATHH MU depeHIMaTLHOro HCuuceHus (py-
pailienue, AU pepeHIMal, YaCTHbIE TIPOU3BOMIHEIE) .

Bo3spacrarolliee 3HaueHHe MaTeMaTHKH, pacliUpeHue o6lacTu
ee MpPUMeHEeHUs MpupaeT ocobyio oCTpOTy BOpocaM ~’MaTeMaTHye-
CKOM TEXHOJIOTMH”, TepMUHOJIOTHH M CHMBOJIHKHU. YHubUKaUs
OCHOBHBIX oOllpefesieHuit M 06o3HaueHMHt — ofHO M3 TpeGoBaHMH,
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NpefbsABIsIeMbIX K MaTeMaTHKe. [IpakTika NMOKa3bIBaeT, YTO HC-
NO/Ib30BaHHe NMPOCTEHIINX NOHATHH TEOPHH MHOXECTB H MaTeMa-
THYECKOH JIOTHKH NO3BOJIAET NMpPHOaTh U3JIOXKEHHIO Hayajl aHalM3a
KOMMNAaKTHOCTh M YeTKOCTh. B KHMTe MCIONIB3YIOTCS TepMHHBI U
CHMBOJIBI, COTJIaCOBaHHbIE C MaTepHaJIOM Kypca MaTeMaTHKH Cpefl-
Helf IIKOJIBI.

ABTODpHI GJ1arofiapsAT pelleH3eHTa JOKTOopa (pU3UKO-MaTeMaTu-
yecKMX Hayk mpoceccopa H.M.MarBeeBa 3a LieHHbIE COBETHI U 3a-
MeYaHUs, CIOCOGCTBOBABIIHNE YITYYILICHHIO KHUTH.

Bce 3ameuaHust U MOXeJlaHUs MPOCHM HANpaBJIATH ITO aipecy:
220048. Munck, npocrneKT MarepoBa, 11, u3gaTensbcTBO “’BaIiai-
ast mKona”.

AaTopbl
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1. KPUBOJIMHEHHBIE KOOPTUHATBI

1.1. KPMBOJIMHEVHBIE KOOPIMHATHI HA IIJIOCKOCTH

KpuBonuHeisbie koopaunatel. s ompeneneHus Imo-
JNIOXKeHHMA TOYKHU Ha IIockocTn R? Hapsany ¢ nexaproBoii
CHCTEMOI KOOPAMHAT MOTYT ObITh HCIOJIb30BAaHBI KPUGO-
AuHelinble KoopOuHarel & , 1M , IPUHUMAIOLKE HEKOTOPBIA
BIIOJIHE OIpefelIeHHbli reomeTpuyeckuii cMbicin. Hampy-
Mep, GUrypa, OTpaHWYeHHas KPUBBIMH Xy = a°; xy =2&*;
y=x;,y=2x(x > 0,y> 0), 3a1aHHBIMH ypaBHEHHAMHU
B JeKapTOBbIX OpTOTOHAIBHBIX KooppuHaTax (puc. 1.1),
OMMILIETCA ropa3fo ynoOHee, eClIM BBECTH KOOpHAMHATHI £
M 7 CclemyrowumM obpasom: £ =xy ,n = y/x . YpaBHeHus
TpaHMIIBI B CHCTeMe KOOpIMHAT & , ) MpUMYT BMA: £ =a°;
£ =2%n=1;,7=2 (puc. 1.2).

3ananue mapel 3Hauenuit (£,71) OMHO3HAYHO OIpene-
JIT HeKOTOpyI0 TouKy (X, ¥) wiockocTd R? u, o6patHo,
Kakao# Touke (x, y) miockoctu R? Gynmer cooTBeTcTBO-
BaTb e[IMHCTBEHHas napa 3HaueHuit (£, ), eCJIM COOTHOLIE-
Hua £€= ¢(x,y); n=V (x,y), cBA3bIBaOIMe KPUBO-
JIMHeiHbIe U NeKapTOBbl KOOPIHUHATHI TOUYKH, OJHO3HAYHBI
¥ O[THO3HAYHO pa3peLIMMBbI OTHOCHTEIIHO X U ) .

KpuBast, cocTaBJIeHHas M3 ToueK mIockoctd R?,y ko-
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Puc. 1.3

TOpPbIX OJIHAa M3 KOOPIMHAT COXpaHAeT INOCTOAHHOE 3Have-
HHe, Ha3bIBaeTCA KOOPOUHATHOU AUHUEl.

CemeiicTBa KOOPAHHATHDBIX JIMHUA TNPUBENEHHOM CHC-
TeMbl KOOpIHHAT E=c, cER, un=c,cER,Te. xy=
10
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Puc. 1.4 Puc. 1.5

Puc. 1.6

= ¢; y/x = ¢ Ha wiockocTH Oxy, Jausl Ha puc. 1.3. Cerka
KOODOMHATHBIX JIMHUIA Ha IDIOCKOCTH Ofn  ABNAETCA H30-
OpaXeHHeM CETKH IPAMBIX £ =¢ U N =C.

3apaua. BriGpaB nogxonsAmumM o6pa3oM CHCTEMY KO-
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nir.vl ‘re2

Puc. 1.8

OpOMHAT, omucaTh GUrypy D, OrpaHMYEHHYI0 KpPHBBIMH
y? =2x; y* =4dx; x* =2y; x* =4y (puc. 1.4).

Pew eH ue BBemem koopauHatel £ U7, IONOXHUB
£=y*/x; n=x*/y. YpaBHeHHs KPHBBIX — TpaHHua 06a-
cti D —3anmuyrca BBume: £=2; E=4;1=2; n= 4
(puc. 1.5) . KoopnuHate! ;o60i TOYKH GUIypbl  yIOBIIET-
BOpSIOT HepaBeHCTBaM 2 < & < 4; 2<n < 4. CetKa KO-
OpAMHATHBIX MHHUHA X°/y =c,cER,uy?/x =c, cER,Ha
wiockocTy Oxy NMpHuBeneHa Ha puc. 1.6.

4

Honsprsie KooprmHaTsl. [loaoxerue ao6ol Touxu M,
Ha naockoctu R? enonme onpedensiercs paccTosnuem ee
r ;r = 0, 0T HeKOTOpPOU 3a0anHOl Toyku  naockoctu O,
Ha3b18aeMoill nOACOM, U NOAAPHBIM Yeaom ¢ ,0 < ¢ <
< 2T, MexOy 3a0AHHbLIM AYYOM, UCXOOAWUM U3 noaKcd,
Ha3bl6aeMblM NOAAPHOI OCbI0,U paduycom-eekTopom OM
(puc. 1.7).

ITonsApHBIN yTOJI ¢ OTCYMTHIBAETCSA OT MOJIAPHON OCH B
12



Puc. 1.10

MOTIOXKUTENbHOM HampaBiieHud. [lomoc O umeer  nepBoi
KoopauHaroii 0, BTOpOif KOOPAMHATe ¢ IPHITHCHIBAETCA
NPOM3BOJIbHOE 3HaueHue. KoopnuHatel 7 , ¢ Ha3sbIBalOTCA
NOAAPHLIMU KOOPOUHATAMU TOYKH IUIOCKOCTH.

CeMeNCTBO KOOPOMHATHBIX JIMHUH 7 = ¢, ¢ =2 0, mpen-
CTaBJIseT 060l CeMENCTBO OKPYXHOCTEH C L[eHTPOM B ITO-
moce O (puc. 1.8).YpaBHeHus p=c, 0<¢<27, omuyT ce
MENCTBO JTyueil, HCXOMAIIMX U3 TOII0Ca MOJL YTTIOM ¢ K II0-
nsipHoit ocu (puc. 1.9) . KoopnuHarHasi ceTka  mONsApHO#
CHCTeMbl KOOpOHMHAT opTo2oranbHa (puc. 1.10), T. e.xaca-
TeJIbHble K KOOPIMHATHBIM JIMHHAM  IIepeceKalTca  II0f,
HpAMBIM YTJIOM.

IIpuBeneM NpuMepbi MHOXECTB TOYEK MockocTd R? |
3a/IaHHbIX HEpaBeHCTBAMU:

{(r, dlr = 0; 0<<p<1r/3} — 3aMKHYTHIl yTON
(puc. 1.11), rpaHuuHBIe JIyYd NPUYUCIIAIOTCA K 3aMKHYTO-
My yriy;

13



{(r, @)1 r=>0; n/6 <p<m/3} — orkpbiTeii yron
(puc. 1.12), rpaHuuHBIE JTyUd HE BXOOAT B  OTKPBITHIA
yron;

{r. @)1 1<r <2 0 <y <2}~ 3amKHyToe KOMb-
o (puc. 1.13);

{(r, VI 1<r < % ; 1r<cp<%1r}— CEKTOp KONbIA
(puc. 1.14).

C8a3b MeNOY NONAPHLIMU T, @ U OEKAPTOBLIMU X ,
Yy KoopOunaramu Touku M 3adaeTca pageHcTéaMU X =
= rcosyg;y =rsing (puc. 1.15).
14



Puc. 1.16

Puc. 1.18

Dopmynsl, eblpaxcaiouyue NOAAPHsle KOOPOUHATbL Ye-
pe3 0eKapToabl, UMEIOT 8UO:

r = VX2 +y%cosp=x/\x2 +y7; sing=y/\/x*+)7 .

YkaxeM ypaBHEHUS HEKOTODPBIX JTHHHH.

Oxpyxnocrs papuycoM R ¢ uenrpom B Touke C, 10-
TApHble KOOPIMHATLI KOTOPOH 7y, ¢ (pc. 1. 16), B me-
KapTOBbIX KOOP/IMHATAaX ONMCBIBAeTCA ypaBHEHHEM

(x—rycosg)* + (v —rysing)? =R*.
15



y-f/)nﬂ)
Puc. 1.19
9
2%
¢ =0
0
(nP+x)
Puc. 1.21

B monspHbIX KoopauHaTax ee ypaBHeHuUe Oyner

r* — 2rrcos(p— @) +75 - R*=0.

OkpyxXHOCTb paguycoM R ¢ ueHTpom B momioce O
(puc. 1.17) umeet nonspHOe ypaBHeHHe ¥ = R.

OKpY>HOCTb C LEHTPOM B Touke (2, 0) pagmycom 2
(puc. 1.18) B noNApHBIX KOOPAMHATAX HMEET YpaBHEHHe
r = 4cosyp.

Tunepbona y = k/x , k> 0, B MONApPHBIX KOOpPIUHA-
16



(r,v)
(rg)

v
7y ¢ | v0 k v-0
U 2n-9

(r2r-v) (.27-¢)
Puc. 1.22
-y h ny)
________ [
v VAW .
¢ 0 &4
$=0 =~ 1
0 :9) (79
Puc. 1.23

Tax uMeeT ypaBHEHHe 72 sin2 o= 2k (puc. 1.19).

Jlemnuckara Bepuyaau (x* +y2)% = 222 (x* — y?)
(puc. 1.20) B MONAPHBIX KOOPAMHATAX OMUCHIBAETCS ypaB-
HeHueM 72 = 2a%cos2¢.

CummerpuuHocTb rpaduka pyHkumu r = f ().

1. Ecnu fly) = f (ot m) Yy€E [0, m{, Torpadux dpyHk-
mm 7 =f (¢) CHMMeTpUYEH  OTHOCHTENHHO  IONIOCA
(puc 1.21).

17



2.Ecuf(p) =f(2n — ¢) Vo€ [0,27 [, To rpadux
¢yHkmm r =f(p) CcAMMeTpUUEH OTHOCHTENBHO Mpsi-
MOi, IPOXO/IALLIe Yepe3 NMOMAPHYH0 ock (puc. 1.22).

3.Ecmu f(9) =f(m— )Y€ [0,2n[, TO rpadux
¢yuxkumur = f(y) cMMMeTpHYEH OTHOCHTENIBHO IIPAMOI,
NepHeHIUKYIAPHON K NoysApHo# ocu (puc. 1.23).  3ame-
THM, YTO YTOJI 7 — ¢ B 9TOM CJIyyae MOXeT [IPUHUMATh OT-
pHUATeNIbHbIE 3HAUYEHMSA.

ITPUMEPBI KPUBbBIX, 3AJAHHBIX
ITOJIAPHBIMH YPABHEHHAMH

YpaBHeHue 7 =2cC0S¢ ecCTb NOJAPHOE YpaBHEHHE
OKPY>XHOCTH ¢ IieHTpoM B Touke (1; 0) papuycom 1. B ne-
KapTOBOM CHCTeMe KOOpIOUHAT YpaBHEHUe NPHHUMAET BH[I
(x—1)2%+y? =1 (puc. 1.24).

YpaBHeHue r = 2siny — nonApHOe ypaBHEHHE OKPYX-
HoCTH ¢ LeHTpoM B Touke (0, 1) paguycom 1. B nmexapro-
BOil CHCTEMe KOOpJIMHAT ypaBHeHHe NpHHHUMaeT BHT X> +
+ @ —-12=1 (puc. 1.25).

JIis mOCTpOeHUs KPUBO#,  3aJjaBaeMOM IOJIAPHBIM
ypaBHEHHEM 7 = COsny, nEN , ucromnb3yem rpaduku
GyHKIMI ¥y = CcOsX My = cosnx , 3alaHHBIX B [eKapTo-
BbIX KOOpDOMHATaX. YUYMTbIBasA NMOoBefeHHe GYHKIUMH Y =
= COsSnX IpU U3MEHEHHMH apryMeHTa Ha mpoMexyTtke [ 0,
27/n] , miMHa KoToporo paBHa nepuony I = 2m/n, nonyua-
eM, uTo GyHKuuA 7 =cosnymia 0 <9< 2m/n  omwuer
KpHBYI0, H300paxeHHyIo Ha puc. 1.26. IlocTpoeHHbIit pH-

18



Puc. 1.24

y=cosnx (n=3)

Tz 5x 22 \62137 7:4;: nl 5z] x
2/7 \7)2n 7 720 | 7)

Puc. 1.26
19



. 3% . X
% [ ”
¥z
re! r=1
D) ¢=0 0 "]
r=cos 3y
r=Coszy
Puc. 1.27 Puc. 1.28
o7
v-0 $-0
0, r<1
r=cos5¢
r=cos4¢
Puc. 1.30

Puc. 1.29

CYHOK TOBTOPHMICA N pa3NpH ¢ , H3MeHsomemcss oT 0
10 2m. B pe3ynbTaTe nmonyyaercs ’po3a’’, cocTosAmas U3
n IemnecTkoB’.

YacTHbie cnyyau

r=cos2¢ — aByXJemecTKoBas po3a (puc. 1.27);
r=cos3¢ — TpexJyenecTkoBas po3a (puc. 1.28);
r=cos4y — ueTbipexyenecTkoBas po3a (puc. 1.29);
r=cos5¢ — mATWIenecTKoBas po3a (puc. 1.30).
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v=0

r=jcas 2¢!

Puc. 1.31

r=[COS 4l

Puc. 1.33

r=|cos3yl
Puc. 1.32

r=lcossyl

Puc. 1.34

I'paduxu GyHkIMA, 3amaHHBIX TOIAPHLIMU ypaBHEHH-
AIMH, COZIepXKALlIMMU 3HaK MOZIYJIsA, IPUBeeHbl Ha  pHC.

1.31-1.34.

[Ipu mocTpoeHuu rpadpuxoB GyHKIMH, 3aJaHHBIX II0-
JIAPHBIMHU ypaBHeHWAMH, obpariiaet Ha ce6s1 BHUMaHHE TOT
¢daKT, YTO NONApHble KOOPAMHATBI TOUKM TNpU OMNMCAHUM
IUTOCKOCTH MOTJIM U3MEHAThCs B npefenax 0 <r < + o |

0 < ¢ < 27. YcnoBUMCs CUMTATD:

1) ecnu 7, ¢ — mosnspHbIE KOOPAMHATHI TOYUKH M , TO
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Puc. 1.37
22

" Y
(1. 9222/ (1, ¢9) p
e P )
(4744
¢ v=0 WV v) -0
a X
m¥reex)
Puc. 1.36
Y
! y=Sinx
% é
-7 0 z 7 ixl 7% X
z 2 2 |
.’ I - ="
Y
! y=sinnx
az - %———“

¥= 5= @=
2n
p-2x
7~
e
z
e ,7p)
e ¥=0
a
Puc. 1.38



ur,y+2km kKEN, — nonspHsle KOOPAMHATHI TOU Xe€ TOY-
xu (puc. 1.35);

2) ecnu r, ¢ — NOJNAPHbIE KOOPOUHATHI TOUKH M, TO
U —T, ¢ + T — NONApHbIE KOOPOMHATHI TOM XK€ TOUKH (pHuC.
1.36);

3) npupaBas NMONAPHOMY YIIIy @ OTpHUIaTeNbHbIE 3Ha-
YeHMs, OTCYeT yrila OyIeM BeCTH OT MOJIAPHOH OCH B OT-
pHLIATETIFHOM HampaBiieHHH (10 YaCOBOM CTpEJIKe), KaK I0-
Ka3aHo Ha puc. 1.37.

B BrIcKa3aHHbIX MpeonoxeHusix rpapuk GyHKIum
y =cosny , h =2k, kEN, Gyner umeTh 2n nienecTkoB. Tak,
byHKIHMA r = cOS2¢ omuilleT KPUBYIO, MOKa3aHHYI0 Ha
puc. 1.31,a r =cos4y — Ha puc. 1.33.

Oyukuua r = sinny, n€EN, umeer nepuon, T = 2m/n,

OCHOBHBIM IIPOMEXXYTKOM H3MEHEHHUs apryMeHTa ¢ Oyner
[0, 27 /n] . YuuTbiBas moBemeHMe CHHyCa IIpH M3MEHEHHH
apryMesTa Ha mpoMexyTtke [0, 2n/n], pasmenum yrodn,
o6pa3oBaHHbIi TydaMu ¢ = 0 U ¢ = 2m/n. Ha YeTbIpe yria
nydyamu ¢ =/ (2n); ¢ = m/n; ¢ = 3w/ (2n). Tak Kak 3Ha-
YeHUs CHHYCa B ClIy4yae IIpHHAJJIeXXHOCTH apryMeHTa TpeTh-
eMy U YeTBepTOMY YTJIaM OTpHLATENbHbI, TO KPUBas, OIH-
chIBaeMasi ypaBHEHHEM F = SiNny, oINpelelieHa TOJIbKO B
IIepBOM M BTOPOM M3 IIOCTPOEHHbIX YTJIOB, IPUYEM 7 BO3-
pacraer B IlepBOM U yObIBaeT BO BTOPOM C POCTOM ¢, IIpH-
HuMmas 3HaveHus oT 0 mo 1 (puc. 1.38). IlocTpoeHHsIit pu-
cyHok npu 0 < ¢ < 27 moBTOpUICA n pa3. B pesymbra-
Te MOJIYYMTCA po3a’”, COCTOAILIAA U3 N JIENECTKOB.
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r=1

r=5in3y¢
r=sinl¢

Puc. 1.39 Puc. 1.40

Puc. 1.41 Puc. 1.42

YacTHble CIyYan

r=sin2¢ — aByxsienectkoBas po3a (puc. 1.39);
r=sin3yp — TpexyjenecTkoBas po3a (puc. 1.40);
r=sin4dp — ueTblpexiyienecTkoBas poza (puc. 1.41);
r=sinS¢ — mATWIenecTkoBas po3a (puc. 1.42).

I'paduxu byHkumil, nonsApHble ypaBHEHUsA KOTOPBIX
cofiep)XaT 3HaK MOAYJls, puBeAeHbl Ha puc. 1.43—1.46.
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N

r=|sin5e¢l

PaccMaTpuBas oOmiuii Ciiyyaii MOJAPHBIX KOOPAMHAT,
T.¢ MNpHHUMas BO BHUMaHHE TOYKH C OTpHULATeNIbHbIMU
KOOpauHaTaMy, Tpaduk byHkimu r = sinng, n = 2k, kEN,
Gyner umeTh 2n nenecTkoB. Tak, rpadux  GyHKuuUM 7 =
= sin2¢ u306paxeH Ha puc. 1.43, a rpadux byHxIImM
r = sin4p— Ha puc. 1.45.
I'paduxu bynxumit r = Rcosny;r =Rsinng, R> 0,
HpeNCTaBIIAIOT cONOi ~po3bl”, IIMHA JIENECTKOB KOTOPBIX
25



Puc. 1.47

Puc. 1.48

onpenenserca BenwunHo# R . [lon nnuHO# nenecTka MNOHU-
MaeM HauGoJbllee OTKJIOHEHHEe TOYeK KpUBOW OT IOJIoCa.

I'padpuxu byHkumit r = cos ¥ ; r =sin %p npuBene-

HBI COOTBETCTBEHHO Ha puc. 1.47 u 1.48. Ilpun moctpoeHun
rpapuxos c yuetoM T = 47 apryMeHTy ¢ [AIOTCA 3Ha-
uenust ot 0 go 47. IlpaBas nonosuHa kpuso#  (puc. 1.48),
BbIJIeJIeHHas MMyHKTUPOM, TOJTy4YeHa MpU y4yeTe TOYeK C OT-
pHLIaTeIbHOM NepBO# KOOPAHHATOM.
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) Ta.%)

2
3
(2az, S| ) v0 (0.7) (2a,0)
N 7] -
R e
S
3
/. a'}gﬂ (a,zfr)
r=afcasy-1),a<0 r=a(casv+1),a>0
Puc. 1.49 Puc. 1.50
v
J
v-4F J .
s
v<3
=0 ¢=0
J3%) 0 "2¥7 4
v
r=2c0s9~1 PR
5 j
vz
Puc. 1.51 Puc. 1.52

Kapououoa, npuBenennas Ha puc. 1.49, 3agaerca no-
JIAPHBIM ypaBHeHHeM r = a(cosy — 1),a < 0. Ha puc.1.50
n300paXkeHa KapAuouaa, NOJApHOe ypaBHEHHE KOTOPOH
r =a(cosyp+1),a> 0.

Yaurxa Iackans, ypaBHeHue KOTOpoi 7 = 2cosy — 1,
usobpaxeHa Ha puc 1.51. Ecniu He paccMaTpuBaTh TOUYKH C
OTpHIATEIIbHON NNEPBOM KOOPAHHATON, TO HMMeEeT CMBICH
paccMaTpuBaTh 3HaYeHHs apryMeHTa ¢ JIMIIb HA MHOXECT-
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\

5.3
oz 50
0 (5.20) ¢-0
a3

r=2005¢+3

r=2cose¢+1
Puc. 1.53 Puc. 1.54

< e
¢ 0//

rRg, 10
Ok« 2m

oz oex
Y
N\

3
S

)
<

0
Q

¢=0

r=ne x>0
0€Y <+ o0

Puc. 1.55 Puc. 1.56 Puc. 1.57

Be [0, g JU [—Sf ,2m [ (puc. 1.52). O6patuM BHHMMa-

HHe Ha TOT $aKT, YTO YaCTb KPHUBOH , BbleJIeHHAasA MyHKTH-
poM Ha puc. 1.51, npeacrtaBnser cob6oit rpabux byHKIMM
r= 2cosyp+ 1 (puc. 1.53). Ynurka [lackans, wusoGpaxen-
Has Ha puc. 1.54, 3ajiaeTcsa ypaBHeHHeM ¥ = 2cos¢+ 3.

Kpusas, 3anaBaemas ypasHenueMm r = kg, k> 0, Ha-
3bIBaeTCA cnupansvio Apxumeoa. OHa u306pakeHa Ha pHC.
1.55. Ecnmu paccMOTpeTh U3MeHeHHe i Ha mpoMexyTke [0,
28



r=ne?% x50, a>g ¢>+0
=0

Puc. 1.58

¢=0

Puc. 1.61

+ oo [, TO ciMpab ApxmAMena, ucxoas u3 nomtoca O , mena-
er GeckoHeuHo MHOTO BMTKOB (puc. 1.56). WUHoit Bug Gy-
OeT UMeTb KpHBas, ONpefieNiseMas ypaBHeHueM r = ko
P4 U3MeHeHuM ¢ OT — 1o +°° (puc 1.57). CumBoIIBI
+00 | —oco YYTAWTCA ~IWIIOC GECKOHEUHOCTD ., MuHYyC Gec-
KOHEYHOCTb”’. ITH CIIOBAa He ABJIAITICA HaUMEHOBaHUAMHM
upcert. OHM 03HAYAOT, UTO |@| MOXeET TNpHHMMATh CKOJIb
YrofHoO 60JbIMe 3HaYEeHUA.
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Puc. 1.63
Puc. 1.62
\ Y
w:
¢=0
a
a X
y=0 rbeytsgh
g r-a¥ z-sLn;N
Puc. 1.64 Puc. 1.65

Kpusas, onuceiBaemas dynkuueinr = ke?% . k> 0,
a > 0, Ha3bIBaeTcs s102apugmuneckoii cnupansio. MeHsas ¢
ot 0 0o +o° , uMeeM GeCKOHEYHO MHOTO 0GOpOTOB OKOJIO
TI0JII0CA, YAAIAIOIUXCA OT Hero. JlaBast ¢ OTpHLATelNbHbIE
3HaYeHHs, NOJTyYyaeM BUTKH CIIHPAJIH, MPUOIIDKAIOIMECH -K
nontocy (puc. 1.58).

Tunep6oauueckue cnupaau r= -, ¢>0,u r=a+

£
14
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X‘*y‘:,(’.y? X“y‘h(l—yt:y

(L
SNy

A -Cos2y
“VZsinZze Cas%¢+sin4y
Puc. 1.66 Puc. 1.67
Y

X
Xbeyb=gxy? xé-gboxy-0

- 45in2¢-siny r2--1g 2
= Zostgssinsy 2°9%¢

Puc. 1.69

Puc. 1.68

+% ,a > 0, ¢ >0, gaup1 Ha puc. 1.59.

Ha puc. 1.60 uzo6pakeHa KkpuBasi, Ha3bplBaeMas Tpu-
auctHuxom. OHa 3aaeTcA ypaBHeHHeM r = 1 +cos3yp +
+ sin? 3¢ .

Ha puc. 1.61—1.63 nanbl cooTBeTCTBeHHO cnupans Ia-
aunea r* = a®>¢*, a# 0; cnupans Pepma r*=a’¢,a#
#0; wxeznr*y®* =a*,a+#0.

Ha puc. 1.64 u3o6paxeHa KpuBasi, ypaBHEHHE KOTO-
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poit r = tg g . Ha BepxHeM pHCYHKe He yuTeHbl TOYKH C

OTpHILATENIBHOM KOoOpauHaTOH. 3MeHeHHe BTOpoit Koopau-
HaTbl 3a/aeTcs HepaBeHCTBoM 0 < ¢ < 27.

Ha puc. 1.65—1.69 npuBeneHb! KpuBble H ypaBHEHHA,
UX 3ajaoliie, B JeKapTOBBIX U MOJIAPHBIX KOOPIHHATAX.

1.2. KPUBOJIMHEMHBIE KOOPIMHATHI B [IPOCTPAHCTBE

umHpprueckue KoopauHatel. [lonoxenne Touku B
npoctpancTBe R® 3amaercs ymopsmoueHHO#H TPOAKOHR Uu-
cen. B vactHocTH, 3TO MOTyT GbITh JeKapTOBbl KOOpPAUHA-
Tbl, ONpe/eIIAIIIME PACCTOAHUE OT 3TOH TOUKH 10 TpeX B3a-
HMHO NEpNEeHAUKYIIAPHBIX IUTIOCKOCTE!, Ha3bIBaeMbIX KO-
opounarnbimu naockocramu (puc. 1.70). HawuGonee ymo-
Tpe6nsempiMu B R® KPHUBOJIMHENHbIMY KOOpAHHATaMH 5B-
JIAOTCA YUAUHOpuyecKue U cghepueckue KOOPOUHATLL.

B yuaunopuueckoii cucteme xoopOuHar nonoxcenue
Touxu M 8 npocTpancree onpedensercs Tpoukol yucen p ,
¥, Zz,T0e p, ¢ — NOAAPHblIE KOOPOUHATb. OPTO20HANbL-
HoU npoexyuu Touku M na naockocte Oxy ,a z — Oexap-
T08a KoopouHara Touku M (puc. 1.71).

CeMeiCTBO KOOPAMHATHBIX IOBEPXHOCTER p = C
¢ = 0, ecTb cemelicTéo Kpy208blx yuaundpos (puc.1.72),
JalIMX Ha3BaHHe KOOpAUHATHOM cucteMe. JIBa opyrux ce-
MeiictBa ¢ = ¢, 0 <c¢ <27 (puc. 1.73),u z=c, cE R (puc.
1.74) , ABNAIOTCSA COOTBETCTBEHHO CeMeliCT8amuU NOAYNI0-
CKOCTell M NA0CKOCTell.
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Puc. 1.70

7

Puc. 1.72
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Puc. 1.74

Puc. 1.73




CeAa3b MeXOYy YUAUHOPUYECKUMU P , ,Z U OeKapTo-
8bIMU KOOpOUHATAMU X,y ,Z Touku M onpedenserca
gopmyaamu (puc. 1.75):

X = pcosy; y=psing; z=1z

HWIN
X4y =pP ———— = cosg ;
VF
—L = sing; z = 2z.
Vx?+y?

Ha puc. 1.76—1.79 npuBefeHbl MOBEPXHOCTH H HMX
YpaBHEHUA B IWIMHAPUYECKOH CHCTeMe KOOpAUHAT. YpaB-
HEHMA ITUX NOBEPXHOCTEN B eKapTOBBIX KOOPOUHATAX CO-
OTBETCTBEHHO OyayT:

x2+y2=3; x*+y*+z2=4; x+2p+z — 10=0;

x2+y?=pz (> 0).

3apava. Ilepeiina x UWIMHAPHYECKHM KOOpPOHHATAM,
omucaTh TeJI0 V' , orpaHHYeHHOe MOBEPXHOCTAMHU:

l.z=x+y; z=xy; x+ty=1; x=0; y=0 (puc.
1.80).

YpaBHeHHA MOBEPXHOCTEH B LIWIHHAPHYECKUX KOOPIHU-
HaTax UMeIoT BUJ:

2
z = p(cosp+sing); z =-%—sin2<p; p(cosp+sing) =1;
PR
p=0;9=-.
35



Puc. 1.78

Puc. 1.80

Puc. 1.79
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m 1
< < — < pg —mmMmMm— -
Sy< ,O\p\cos Tsing

sin2¢ < z < p(cosy +siny).

2.2=6—x*-y%; z=x% +y* (puc. 1.81).
YpaBHeHHsAMH MOBEpXHOCTEH B IWIMHIPHYECKHUX KO-
OpIHMHATAX ABNANICA: Z = 6 —p2; z=p.

v {0<p<om 0<p<2 p<z<6-p?}

3.z2=x*+y%; z=-2 (puc. 1.82).

YpaBHeHus none2px1{oc1e171 B LIWIMHIPHYECKHUX KOOpIH-
HaTax MMeIoT BuI: z° = p?; z = —2.

V{o<¢<2n; 0<p<2 -2<z <p},

Cdepmueckue KoopmuHaThl. B chepuueckoii cucreme
Koopounar rouxa M, OexapTo8bl KOOPOUHATHL KOTOPOU X,
¥, z ,3a0aercs Tpoiikoii yucen r , ¢, 8 ,20e r — pac-
cToAHue oT Touku M 00 Hauana koopounar O; ¢ — noaap-
Hblll y20on, onpedenseMblii TaK xe, KAK U8  YUAUHOpUYe-
cKoli cucteme KoopouHar; 8 — ye2oa mexoy ayyom OM u
naockocroio Oxy (puc. 1.83).

CeMeicTBO KOOpIMHATHBIX MOBEPXHOCTEH 7 =c¢,Cc >
= 0, ectb cemeiictTéo cgep ¢ uUeHTpoM B Touke O
(puc. 1.84) . KoopaunaTtHbie MOBEPXHOCTH ¢ = ¢, 0 < ¢ <2,
TaK Xe, KaK U B UIWIMHIDUYECKON CHCTeMe KOOpAMHAT,

HpeICTaBIAT COGON NOAYNAOCKOCTU , TIPOXOUALIME Ye-
pe3 ock Oz (cMm. puc. 1.73) . CemeiictBo 0 =c¢ . — g<c <
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<_15r , TIpeAICTaByIAeT cOBOM CeMelicT80 Kpy208blX KOHY-
C0é , OCH KOTOpBIX coBmagaioT ¢ ocbio Oz (puc. 1.85).0 =
= 0 onpenenser wiockoctb Oxy ,al = /2 — TMOJIOXH-
TeNbHy10 nonyock Oz .
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C8Aa3b MexOy 0eKapTo8bIMU X, ¥, Z U cheputecKumMu
r.y¢, 0 xoopounaramu rouxu M € R3 onpedenserca, kax
8UOHO u3 puc. 1.86, caedyrowumu opmyaamu:

x =rcospcosd ; y = rsinpcosf ; z = rsinf
39



WIn

— 2 p 2 4 2. —_Xx .
rP=x%+y?+z%; cosp=——";

Vx? +y?

sing = ~—2—— _ x*4y?
\/—2_*_—2 cosf= ———;

x- Ty \/x2+y2+22
sinf = —
\/x2 +y2+z2

Ha puc. 1.87—1.89 npuBeneHsl NOBEpXHOCTH H X
ypaBHEeHHs B 1eKapTOBOM CHCTeMe KOOPIMHAT. YpaBHEHHA
9TUX MOBEPXHOCTEH B chepUIeCKUX KOOPIHUHATAX COOTBET-
CTBEHHO:

r*(sin?0 +sin?¢cos?0) =9; r*(cos? 6 — 4sin?6) =0,

T.e. tg20 =1/4; r = sinf.

Chepax? +y? +z%2 =4 (em.puc. 1.77) B coepuue-
CKO#i CHCTeMe KOOpIHMHAT 3a/laeTcs ypaBHeHHeM r = 2.

Ecnu paccMatpusars Touky M , nexaiyio Ha HeKOTO-
poit puKCcUpOBaHHOM cepe C IELHTpOM B Havajle KOOpAH-
HaT, TO ee MOJI0XKeHHe Ha cepe ONpenenuTcs 3alaHiHeM Ko-
opouHat ¢ u 6 . Koopnunara ¢, ymoBneTBopsiolias He-
paBeHCTBY 0 < ¢ < 2m, onuier 2eozpaguueckyio 0on-

20Ty TOoukuM M, a xoopauHata  , ymoBleTBOpsIOLIaA He-
PaBEHCTBY — 151 <0 <l2' , — 2eoepaguueckyro wuporty
Touku M . CeBepHOMY MONIOCY COOTBETCTBYyeT O =m/2,
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Hynebou
MEPpUduan

Puc. 1.90

I0KHOMY momiocy — 6 = —m/2, 0 = 0 — wmMpoTa 3KBaTopa.
Kpusbie Ha céepe, cooTBeTcTBYIOMUE (DUKCHPOBAHHOMY
3HaueHHIo 6 , Ha3bIBAIOTCA NAPAnAeAAMU, a KPUBbIE, OTBE-
yaroe GUKCHPOBAaHHOMY 3HAYEHUI0 ¢, — MepuouaHamu
(puc. 1.90).

B kauectBe cdepuyeckoit koopauHaTsl 6 MHOrma pac-
CMaTpUBAIOT BEJMYMHY YyTia, 06pa30BaHHOTO paglycoM-
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BEKTOpOM ToukH M ocblo Oz ,0 < 0 < m  (puc. 1.91).
B aromM ciyyae reorpacduueckoil IIMPOTOM TOUKHM Oymer
T g T T _ g™
27 2 T2 )

®opMyIibl, CBA3BIBAIOILME NEKAPTOBBl U ChepHuecKue
KOOpIMHAThI TOYKH, IPUMYT CIIEAYIOLLIMIA BUI:

x =rcosysind; y=rsingsinf ; z =rcosf.



2. HENIPEPBIBHOCTb U NTUOOEPEHIIUPYEMOCTh
OTOBPAXXEHHUN

2.1. TOMOJIOTUA MJIOCKOCTHU

Ilpn paccMoTpeHuM GyHKUMOHAIbHBIX 3aBHCHMOCTEHN
YacTo MPUXOOHUTCA UMETD [IeJI0 ¢ oTo6paxeHuAMH  obiac-
Tell E eBKIIN0Ba npoctpanctBa R B R . Toukamu mpo-
cTpaHcTBa R? CclyXaT — ymopsioueHHble COBOKYIHOCTH
nByx umcen (x, y). Paccroanue mewoy Touxamu M (x ,
y,) uM,(x, ,y,) (puc.2.1) onpenensercs ¢)opmynou

dM M) =V (x, —x,)* + (0, —»,)*

Muoxcecteo E touex (x, y) naockoctu R®  Hazvleaer-
€A OKpecTHOCTbI0 Touku M| (x ' Vo), ecauM | aeaserca
8HyTpenHell Toukol E, T. e Mo exoour 8 E eMecre C He-
KOTOPbIM preOMB M,,r): BM,, r)= {(x,»)] (x -
~x) + (- yo) <9 }.r >0.

Kpyr B(M, o,r) TaK)e ABJIAETCA OKPECTHOCTbIO TOY-
KH Mo

Hapany ¢ kpy2oebimu oxpecTHOCTAMU TOYKH MOXHO
paccMaTpUBaTh NPAMOY20bHble WIH B YaCTHOM ClIyyae
KeaopaTHble OKPECTHOCTU TOUKH M €R? (puc. 2.2).
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HerpynHo yBuaets, uto ecnu B(M,, € ) — xpyropas -
OKPECTHOCTb TOUKH M|, , TO CyIEeCTBYeT ee IpAMOYTOlb-
Hasl OKpecTHOCTs P, Takas, uro B (M, €)D P ,u, Ha
060poT, CyiiecTByeT MpsAMOYTOJIbHast OKPEeCTHOCTh P, , Ta-
Kas,uro P, D B(M,,€),1.e. P CB(M,,€)CP, . Pac-
CMaTpUBAaT UKPECTHOCTH U APYTHUX KOHDUTYypaLHid.

Touxa miocikocTu R? Ha3bIBAETCA IPAHUYHOM IS MHO-
xectBa E . eciiu ee mo6asg OKPECTHOCTb COEPXHT KaK [OY-
K4 u3 E, Tak ¥ Touky, He BxoAsAmue B E.  (Ilpumep: Tou-
xaM Hapuc. 2.2. Touka M, — BHELMAA TOYKA MHOXECT-
BaFE 5

MHOXECTBO OTKPBITO, €CJIH OHO CIIY)KHT  OKPECTHO-
CThIO K@XKIOH CBOEH TOUKH.

IlpuBeneM nmpuMepb! HEKOTOPBIX MHOXECTB.

l'El = {(x:.}’)|(x—xo)2 + (y_yo)2 <R2}-prr

6e3 rpaHuupl (oKkpyxHocTH) (puc. 2.3).

2.E, ={( )1 (x—x)* + (¢ = »,)* < R*} —xpyr
¢ rpanuuen (puc. 2.4).

3.E,={(x,»)0a<x<b,c<y <d} — NpAMOYTOJb-
HUK Ge3 rpaHuus! (puc. 2.5).

4.E,={(x,»)1a<x<b,c<y <d}-npamoyrom-
HUK C rpaHuieii (puc. 2.6).

SE,={(»)10<x<1,0<y<1-x} - 1pe-
yrombHUK Ge3 rpaHmust (puc. 2.7).

6.E,={(x, | Ix| <\/1—5, X*<y<-x*+1} -
nuH3a (puc. 2.8).

I'paHumibl, He MpMHAIUIEXAIMe MHOXKECTBY, Ha PUCYH-
Kax u306paxkaloTcsa MyHKTUpoM. MHOXecTBa E 10 E3 , E s
E, — otkpbITbIE.
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Puc. 2.4

Puc. 2.3

%

X

N
W

Puc. 2.6

Puc. 2.5

y=x?-1

Puc. 2.8



Teopema 1. Obsedunenue co8OKYNRHOCTU OTKDbI-
TbIX MHOXECT8 OTKpbLTO (puc. 2.9).

Teopema 2. [lepeceuenue KoHeuHo20 uucna OT-
KDbITbIX MHOXeECT8 OTKpbiTO (puc. 2.10).

MuoxectBo E Touek mpocTpaHcTBa R? samiuyro, ec-
JI OHO COJIEP)XUT BCE CBOU IPaHUYHBbIE TOYKH (CM. MHOXeE-
crBak, , E 4) . Ecnu u3 3aMKHYTOr0 MHOXECTBa YOalIUTh
4acTh IPaHMYHBIX TOYEK (Hampumep, U3 MHOXecTBa £, yna-
JIUTh BEPXHIOKO NOJIYOKPY)XHOCTB) , TO IIOJIyYHM MHOXECT-
BO, KOTOpO€ He ABJIAETCA HU OTKPBITHIM, HH 3aMKHYThIM.

Mnoxcecrgo E 3aMKHYTO 8 TOM U TOAbKO 8 TOM CAY-
uae, ecau GonoaHeHue 3T020 MHoxXecTea (T. e.  COBOKYN-
HocTw acex Toyek R? , KoTopuie He 8x00aT 8 E) oTkpbiTo.

MuoxecTBo E Touek R? Ha3bIBaeTcsi C8A3HbIM, €CITH
mo6ble [Be €ro TOYKH MOXXHO COEOUHHTb HEIpepbIBHON
KPHBOi, BCE TOYKH KOTOPOW IIPUHAMJIEXAT ITOMY MHOMXE-
CTBY.

IIpuBeneM mpuMepbl HEKOTOPHIX MHOXECTB.

LE={(xy)r* < (x—a)* + (y - b)* < R*} (puc.
2.11). E — cBs3HOe 3aMKHYTO€ MHOXECTBO.

2.E={(x, y)Ixy> 0} (puc.2.12). E — HecBs3HOe
OTKPbITOE MHOXECTBO.

3.E={(x,y) Ixy> 0} (puc. 2.13). E — cBA3HOE 3aM-
KHYTO€ MHOXECTBO.

2 2 2 2
X b4 XY
E={(x, + < 1; = 1l,a, <
4.E={(x»| 2 B 2B = La,
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8(M,r) 8111,%) 8111.17)
B8(M,5).1=r

£ 2 Y
//’g GE)
E=FuE, \ N
B, r)C £y DB rICE v'ﬂef, Ve E IB/MA)CE,, ]‘27,«2’2}5’ £,
B s £y 2B8(m )< e vk, r=men(f, g} >8(Mr)CE
Puc. 2.9 Puc. 2.10

<a,b,<b, } (puc. 2.14) . MuoxecTBO E ,IIpencTaBis-
1o1ee coboit o6bemuHeHne MHOXECTB E L1 E , » ABIAETCA
HEeCBA3HbIM 3aMKHYTbIM. Hanpumep, Touku M , H M
HeJlb35 COeAMHUTh KPUBOW, He BoIxoAs u3 E. MHoxceCTBaEf
uk , » B3ATbIE OTAENIbHO, ABJAITCSA CBA3HBIMU NOIMHOXeE-
CTBaMH MHOXecTBa E'.

S.E={(x»)|x+y<1,x>y*} (puc.2.15). E -
CBA3HOE OTKPbITOE MHOXECTBO.
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//n My

5

Puc. 2,13 Puc. 2.14

Y

N

[S)

28]
G, oo

Pyc. 2.15

CBA3HOE OTKPHITOE MHOXECTBO HA3BIBAETCA
OBJIACTBR.

Touka (x ; Y, ) HasbIBaeTCA npedeasboll TOUKol MHO-
xecrga E C R ec:m B mo6oil ee OKPECTHOCTH COHep-
XaTcs TOYKH MHO)Kec'rBaE OTJIMYHbIE OT (X, , Vo ). Taxk,
IJIs MHOXecTBa E Touek MmpAMOYTOJIbHUKA Bes ° T'paHHIpI
(puc. 2.16) xaxpas Touka (x, ) €E sABnsAeTcs MNpefelb-
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Puc. 2.17

HO¥ TOYKOM MHOXXECTBA, HO MpeeNIbHbIMH TOUKaMH OynyT
¥ TOYKH ['paHHIIbl, HaNpUMep Touka (X, yz). Touxa (x, ,
ya) npenenbHOM TOUKoi E He OymeT, XOTsA MOXHO yKa-
3aTh TaKYI0 €€ OKPECTHOCTb, YTO B Hell CONEpXKaTcsi TOYKH
s E.

MuoxecTBO E 02panuuero, eClid OHO COHEPXHICI B
HeKOTOpPOM KpYyTe C UEHTpOM B Haualle KOOpAMHAT pajuy-
coMm R,R > 0 (puc. 2.17).

3aMKHYyTOe OrpaHUYeHHOe MHOXeCTBO £ HasbIBaercA
KOMNAKTOM.

2.2. ®YHKIHH OBYX NEPEMEHHBIX U UX TPAOHUKH

Onpenenenne. Oyuryueli, onpedeaeHHOl HA MHOxXce-
cree ECR? , nasvigaerca cooreercreue [, KoTopoe Kax-
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2
3]
232,

Y

X 44,4,) % LY

3,93) 1.9
Puc. 2.19

Ooomy anementy (x,y), (x, y) EE, oTHocur  HeKkoTOpbLi
eouncreennblii 3nement u3 FCR , o6o3nauaemoiii f(x, y)
(puc. 2.18).

MHoxecTBO E Ha3bIBalOT MHOWECTEOM 3a0aHusn GpyHK-
v f , COBOKYIHOCTh BCeX 371eMeHToB f (x, ), (x, y) EE~
MHoxecTeom 3Hayenuti bynkumu f . Tor dakr, utof —
byHKuMA, 3anaHHas Ha ECR? co  3Havenusamu B FCR,
0603HavaT ciemyoIyM obpazom: f: E > F .

CootBercTBHe [, yCTaHaBIIMBaeMoe MeXIy TOYKaMH
u3 E u F ,reoMeTpuyecky MOXXHO H300pa3utb B IIpo-
ctpaictBe R® (puc. 2.19).

TI'pagpuxom I‘f byHkuuu [ Ha3bIBAETCA MHOXECTBO
Touek mpocTpancTBa R* ¢ koopmumatamu (x, y, f (x, ¥)),
(x, ) EE,T.¢. I‘f = {(x, »2)Ix»EE, z=f(x, y)} .
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(x.4,2)

R
Ik
a (77} /u}
fiE~Fy, T VFEE > UEF

Puc. 2.21

IIna mocrpoenus rpadpuxa I' ¥ $yHKIMH IBYX IEpeMeH-
HbIX U3 TOYKH (X, ¥) € E neplneHuKynapHO K IUIOCKOCTH
Oxy OTNIOXHMM OTPE30K JIMHOH |z | B IMOJIOXKUTEIBHOM Ha-
npaBieHud ocu Oz, ecnu z > 0, U B OTpUIATENPHOM Ha-
npapineHud, ecnu z < 0. Touka TPOCTPaHCTBA R® ¢ xoop-
mmHatamu (x,'y, z) Gyner Toukoi rpaduxa Ff' Ecm E —
CBA3HOE MHOXECTBO, a f HempepbIBHA, TO COBOKYMHOCTb TO-
yek (x,y,z)ER® 06pa3yeT HEKOTOPYIO NOBEPXHOCTY

=f(x»), (x,y)EE (puc.2.20).

Coorgercrgue, ycTaHagaugaeMoe Mexcoy 31emMeHTamu
(x,y,z)€ E, E. CR3 u anemenramu muoxecrea FC R,
npu KoTopom KMAOMy anemenTy u3 E | crasurcs e coor-
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Exfiy)Ixtey?c /]
Puc. 2.22

8ercreue oOuH nement us F , Hazvigaerca  gynkyuei
Tpex nepemMeHHbIX.

MHOXeCTBO ee ONpefielIeHHsI eCTh MHOXECTBO TOUEK
npoctpanctBa R3. [lockombky Kaxmas Touka (X,7,z) on-
penenserT B mpocTpaHcTBe R® pauyc-BeKTop, TO QYHKIUS
f Tpex mepeMeHHbIX MOXXeT pacCMaTpHBaTbCA KaK COOT-
BETCTBHE, YCTAHABJIMBaeMOe MEXY MHOXECTBOM BEKTG-
POB M MHOXKECTBOM [IeHCTBHUTENIbHBIX uMCeNl. TakuM 006-
pa3oM, GYHKIIMIO TpeX NepeMeHHBIX MOXHO  paccMaTpu-
BaTb KaK CKa1ApHYI0 PYHKYUIO 8eKTOPHO20  aAp2yMeHTa
(puc. 2.21).

Ha puc. 2.22—2.24 npuBeneHs!l mpuMepbl rpadUKOB
$yHKUMA ABYX NEepeMeHHBIX.

INonstne pynkuum m mnepeMenHsix. UsnoxxeHue Teo-
pvu GYHKIMH M IepeMEeHHBIX YA06GHO MpOBOAUTH, UCTIOIb-
3ys reOMeTpHYECKYI0 TePMHHOJIOTHIO, 06061a011LyI0 TIpef-
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- (T
% £=rA{(0,0))
Puc. 2.24

)

CTaBJIeHHE O IUTOCKOCTH M PEJILHOM TPeXMEpPHOM  IIpo-
CcTpaHCTBe. MHOXECTBO BCEX YNOPSAIOUEHHBIX COBOKYITHO-
creit (x, , ..., X, ), rhe X, ER, k= 1,m, Ha3bBaercs

M-MepHbIM Koopaunamwu npocrpancréom R™ . Kaxpasn
yHOpAIOYEHHas: COBOKYIHOCTb (x e X ) = M Ha3bIBa-
eTca TOYKOU 3TOro npoc1pchma Koopr.mﬂamoe npo-
cTpaHCTBO R”' Ha3bIBaeTcsi e6KAUOOBLIM  MPOCTPAHCT-
80M, €CTIM PaCCTOSIHUE MEXMY ero Toukamu M (X ,..X, ) u
N@,; . y,,) onpenensercs no dopmyne d (M, N) =

= \/krrél(yk - xk)2 .

EBKIINIOBO mM-MepHOE IPOCTPAaHCTBO ABJIAETCA 0606-
HIeHHeM TIOHATHI eBKIIMAOBOH ITTOCKOCTH U TPEXMEpHOTO
€BKJIM/I0Ba NPOCTPAHCTBA.

Ecau xaxooii touxe M muoxecrea E esxaudosa npo-
crpancrea R™ crasutca 6 cooreercréue 00O U3 yucen
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MmHowecTéa F,FCR, 10 2080par, uro Ha E 3a0ana
gyuxkyus f,f: ECR™> FCR.

E — muoxecreo onpedenenun gynkyuu f, F — MHo-
XecT80 3HaYeHul GYHKYUU.

2.3. HENIPEPBIBHBIE ®YHKIIMH

Ipenen ¢pyuxipm. Paccmotpum dyHkmuio f, onpene-
JIEHHYI0 Ha MHOXecTBe E TOUeK eBKIJIMIOBa MPOCTPAHCTBA
R?, u TOUKy M, (xo , yo), MoOXeT ObITb, M He NpHHaJJIe-
xaiyo E , HO ABJIAIYIOCA NpeaenbHoil Toukoi £ . Tak
KaK M, — npefenbHas ToUKa MHOXeCTBa E', TO Cy1uecTBy-
eT nocnemoBatenbHocTs Touek M ) , mpuHamnexauwux E,
cxopsmasca K My, 1. e. My = lim M(k) ,aumuoa Ve >

k> oo
> 0v,> 0,1axoe,ut0 YmEN, m>v_=dM™ ,
M) < e (puc. 2.25).

Onpenenenne. Yucao A na3vigalor npedenom @yHK-
yuuf:E > R npu (x,y) > (x,,y,), ur0 06o3HauaioT
f(x,y) > Anpu (x,y) > (x,, y,).ecau 0aa awbozo no-
AOKUTEABHO20 YUCAA € CYI4eCT8YeT NOAOKUTeAbHOe YUC-
70 8 , Taxoe, uto 0an 8cex (x,),0< (x —x,)*+ (¥ -
- yo)2 < 82, gvinonnserca nepagencreo |f(x,y)— Al
<€ (puc. 2.26).
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Mg =Lve]+1

Puc. 2.25

2\ A=f(%5.45)

Puc. 2.26 lx9.40)

B kparxoii 3anucu:

f(x’ y) —)A <
mpH (x, y) > (%, ¥,)
¢(V'e>0 18>0V(x,y) €EE )

0< (x—x)* + (¥ —74)? <8%If(x,y) —Al<e.
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X
Ub&/’o.ym‘ | 2, 90)

X ”@/’0-90)
%0,9p) 2
Puc. 2.27
2 7 z

57 4-1

P éf
,0) ; &<t
f % Y

Pa3meps! §-0xpectHoCTH TOUKH M, (X, , ¥,) CyecT-
BEHHO 3aBHCAT OT BellMUMHbI € (pHuC. 3.27 .

Tpenenom bynxmuu f(x, ) =x> +y* +1 mpu (x,

») = (0,0) aBnsaercsa uucno L Ecnu B3t €= 1,10 § <
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a=15
24

15Ecxey2e Ig15°€

15
ﬁ > -
) 7t 0 r
Mmﬂolfgl)
Y (3:3)
X
Puc. 2.29

< 1.Ilpu €=0,5 BennumuHa § He foIkHa  ObITH GoJblLE
1\ 2,2 ecnu e=1/4,10 6 < 0,5 (puc. 2.28).

Tpenenom byuxmmm f (x, ¥) =x* +y* +1 (B Touxe
(0,5; 0,5) apnsercs uncno A = 3/2. Ecnu B3sats € < 0,5,
TO B KauecTBe S-okpecTHocTH ToukH (0,5; 0,5) 6yner
Kpyr ¢ ueﬂr?om B 3TOM TOUKe, pacrlonox(emm-ﬁn KOJbLEe
1,5—-e< x* +y* +1< 1,5 +¢€ (puc. 2.29). ‘Ecnu B3a1H
€> 0,5, T0 pasMeps! 8 HOMKHDI GBITh TaKWe, YIOOBI -
OKpECTHOCTb pacriojiarajiach BHyTpH Kpyra x2 +y* < R?,
R > 1 (puc. 2.30).

Kpurepuit cymecTBoBaHHA mnpenena
bynuxkuuu (kputepuii Ieiine). [ua cyyecrso-
6anus npedeaa f: E~> R npu (x,y) = &,,y,) Heol
58 )



i
&
A=15
/lo.ya)=/2-’-z-')
| 0cxdy?r
Y
5344
£ 1) %22
Puc. 2.30
4
4]

1)
A

; X £ g/ My
x)* Molxa,40)

//;ﬂn/}an ’ itra. o)
Puc. 2.31

{ 1)

z
I #m)
A

(HMx)) =4

)= tp (%0, )
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4
F/t)
I
A
#Hry)
(#tr))=A

}"ar-h)

Mx(x0.4,)
"o 2, 9o) W< M2 (%7.4y)
M1(X1:Y)

Mn)~t(%0. ya)

Puc. 2.32

X00UMO U 00CTATOYHO, YT0ObL OnA 60U nocredosarens-
nocru rovex ((x,,»,)), (x,,v,)EE/ {(xo,yo)} , €X0-
osawelica K (xo, yo), COOTBETCT8YIOWAA NOCAEe008ATeNb-
Hocts (f (x,,¥,)) cxodurace K 0OHOMY u TOMy e npe-
deny AER (puc. 2.31).

Yno6Ho B kauecTBe NOCIIEAOBAaTENIFHOCTH ((xn R yn)),
cxopsweica Kk (x, , yo) , ToovepefHo OpaTh MocCiegOBa-
TEJIbHOCTH C O[JHOY 3aKpeIUIeHHOH KoopauHaTo# (puc.2.32).
Ilpu BeruKCIIeHUM npefienia GYHKIMM 3TO NPUBOOHMT K TaK
Ha3bIBaEMbIM MOBTOpHbIM npedenam. Hanpumep, 3Has,
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xy
uro npenen pyuxkumn f(x, y) = T, TpH xy) -

1+x%y

- (0,0) cymecTByeT, BEIYMCIINM 06a MOBTOPHBIX Mpeferia:

X
lim (lim —2—) = km 0 = 0
x+0 yro 1 +Xx°y x>0

X,
fim (lim ——2—)=1m 0 =0.
y-»0 x-0 1+X°y y-0

Ipu cywecTBOBaHMH A80iHO20 npedena lim f(x,y )

XX

=¥,
u 00unapubix npedeaoe lim f(x, y).lim f(x, y) moBTOp-

XX 0 y-=y 0

Hble Ipefelibl CYIIeCTBYIOT M paBHbI JBOHHOMY, T. €. Ipe-
neny ¢oyuxuuu. U3 xpurepus IeiiHe crenyert, uTo eciiu no-
BTOpHBIE Npefielibl pa3jIMyHbl, TO He CYyILIeCTBYeT mpefelna
¢yukuuu. Hanpumep,

B e R e
im lim —; = 1; lim lim ——— =-1L
x—0 y=0 X 1ty y—0x—-0 X t)
2 v2
CnenoBatensHo, lim  —— He cymecTByer.
x>0 Xty

y—=>0
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Mo=%0.90)
My*aMy=(xg+a x,y,)
Y
o
4 i afr,rp) <8
15r)-11*10) <€
\
Mo =(%g.95)
Mo alg(xa,yy*ay)
Mo
€ A Mo=(*0.95)
RS Movatt=ry)
D)

L= Mo, My s M= V(x-25) 2y -yp)?

) 2
X Mg ~aM=(xg+8 X, yo%ay)

Puc. 2.33 Puc. 2.34
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HenpepbiBHocTh QyHKIMH. B npoctpancree R? pac-
cmoTpum obnacre D u rouky M ED (puc. 2.33).
@Oynxyua f: D - R Henpepbzena e rouxe M, ecau

lim fiM) = f( lim M)= fM,), uro paeuocu.abno
M—»M M—»M0

Ve>0 18>0 YMED, dM M,) <5 =

= |fM) —fM)|I<e.

Ecru M, (x4 ¥, ) — npepenbHas Touka D-MHOXeCTBa
onpenenex-um ¢:ym<upm f ,HO He ABNAETCA €ro BHYTPEH-

Hell TOUKO#, TO HenpepbBHOCTh [ B Touke M, BRomb D
O3HayaerT, YTo

lim f(M) = f(M,) .
M-M
MeD®

Touku MHOXecCTBa. B KOTOpbIX dyHKImMsA f He obiana-

€T HENMPEepbIBHOCTbIO, HA3bIBAIOTCA TOYKAMU pa3puisa Q)YHK-
ITHH.

HenpepsiBHOCTS ¢GYHKIMH 1O ONHON MepeMEeHHOH.
Oynxyun f(x, y) HenpepblgHa 8 Touxe M (X, y,) no oo-
HOIl U3 nepeMeHHbLX, HanpuMmep X, ecau \7’ € > 0 ]8>0,
raxoe, uro Y (x, +Ax,y )ED |Ax|<&= |f(x, +

t Ax,y,) —f(xq, ¥5) | <e, r.e. lim fx, +Ax,y°)=
Ax—0
= f(xy,¥,) (puc. 2.34).
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Hanpumep, byHnknus

2x;
2y2’ x2 +y? #0;
ty

x,y) =

f( y) 0’ x2+y2=0

HenpepbiBHa B Touke (0, 0) mo Kax/0# U3 nmepeMeHHbIX :

f(09y) =0 HP“}’#"O, hmf(o’y) =f(0’ 0),
y—>0
f(x,00)=0mpux#0, limf(x 0) =1(0,0),

x—=>0

HO He ABIAETCA HenpepbIBHON ¢yHKuueir B Touke (0, 0),
TaK Kak lim f(x, y) # 0. HeiicTBUTENIbHO,ECITH TOJIOXKHUTD
x>0
YO 2kx? 2k
y=kx, 10 lim = 3aBMCHT OT BbIGOpa
x—s0 X2 +k*x?  1+Kk?

k . Ecnu x Touxe (0, y) CTpeMMTbCsA, Hampumep, 10 Gwuc-
cextpuce (kK = 1), To B npenene GyneM UMeTh eMHHILY, a
He HyJb, KaK IpH CTPEMJIEHHUH 110 KOOPAMHATHOM OCH.

ApudpMeTHueckHue omepamuu Hajg He
npepoiBHHIMH GyHKUUuAMU [Tycrs f: DCR*~>
>Ru g:DCR*> R HenpepblgHbl 8 Touke M,  20e
MOED,Toeda:

af (M) +Bg M) uenpepvigHa 8 M, npu nio6eix a, BER;
fM)-g(M)  nenpepviena e M, o
fM):g(M) HenpepbvigHa g M, npug (M) #0.
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TeopemMa 0 NOKaNbHOH OrpaHHYEH-
HocTHu. Ecau f: D CR? >R u fHenpepvigna @ Touke
M ED, 1o cywecreyer 8-oxpectrocTs Touku M, ug (Mo)’
uTO HA U (Mo) ND gynxyua [ ozpanuuena.

Teopema o crtabunuszauuu 3Haka. Ec
au f: DCR? >R Henpepvigna e Touke Mo' M0 €D, npu-
uem f(M,) # 0, 0 cywecreyer §-okpecTHoCTb TouKUM,,
ug (Mo), Takas, uTo 04a ecex Touex M, ME u, (MD) NnD -,
3Hauenue [ (M) umeer 3nax, coenadarowuii co 3HAKOM

ror,) .

2.4. ITNOOEPEHIIUPYEMBIE OYHKIITUU

YacTHele NpupameHuss QYHKUMH OBYX TepeMEeHHBIX.
PaccmoTpuM dyHKIMIO f , 3a7aHHyI0 Ha MHOXecTBe -DCR?
M, (xy ,y,) — BHYTpeHHss Touka MHoxecTBaD. Boapb-
MeM Totﬂ(mM0 +AM1 ,M°+ AM2 'Mo +AM , npuHapte-
xamue D (puc. 2.35).

YactHoim npupawenuem gyuxyuu f no x HasbiBaercs
pastocts f(M, +AM ) —f(My) =f(xy +D8x, yo) —
= fx, ,yo).%’a:u-locrbf(xo Vo TAY) =[xy, ¥y ) —
YacTHOe npupawenue GYHKYUU } noy (puc. 2.36).

YacrHrle npousBomubie pynkimu. Ilycts f:D—> R u
M, — BHyTpeHHAs Touka D . DUKCUPYS NEpEMEHHYIO Y, =
=Y, » lonydaeM GyHKUMIO ONHON NepeMeHHOM X: f(x, Vo)
IIpoussonHasn 31o# GyHKIUMM B TOUKE X, €CIIM OHa Cylile-
CTBYET, Ha3bIBACTCA YACTHOU NPOU3BOOHOU NO X PYHKYUU

3 3ak. 5346 65



Y Y
Y
/7 4 7
M
M. /‘10‘4/‘1, % z
/ ~
o+a Mp
0 X 7 X X
Ho=(xa,4g) M =%, o)
Ma+aMy=(Xg+ 4 X,4a) MH’AMZ-/xo,yﬂﬂ,y)I/’: VaxZ+ay?
2= (%0, Yo)
Puc. 2.35 Mo+aM=(xg+ax,Yp*ay)
of (M,)
f(x, ) 6 Touxe (x, , y,)u oGo3Havaercs 5 W

j; (Mo)' .

W3 onpenenenus npoussonuoi dynkuuu f(x,y,) B
TOUKE X, CIIeAyeT, 4TO

of (M,) - Feeg +8%,y0) =f (%, . ¥)

= lim
ox Ax—0 Ax

AHarroruuto OINpeaenAeTrca YyacTHass IpPOU3BOAHAA IIO
Y bynxumm f (x,y) B T0uKE (X, , ¥, )"
of M) f(xy. ¥y +BY) —F (%, ¥
lim Ay .

Sy Ay—»o
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C reoMeTpHYECKO TOUKH 3pEHHsI YacTHbIE MPOM3BOJ-
uete dynkman f(x, y) B Touke M, (x, ,»,)  (puc.2.37)
NPENCTaBIISIOT cO6OM Yy2a08ble KOIPPHUYUEHT! KacaTens-
HbIX K KpU@blM, TIONIyYaeMbIM B IIEPECEYeHHH MOBEPXHO-
ctu z =f (X, y) WIOCKOCTAMHY =y, H X =X, B TOUKe
Geg 2 Vo0 (g, 70)) s T-e.

M) = tga; f,(M) = tgB.

OTMeTHM, YTO YaCTHasi IPOM3BOJHast (YHKIMM He-
CKOJIbKHX IIepeMEHHbIX NMpeCcTaBisAeT- CO60H 0ObIKHOBEH-
HY10 TIPOM3BOIHYI0 (PYHKIMHU OHOI NEPpEMEHHON NMpH (HK-
CHpPOBAHHBIX 3HAYEHUAX OCTAIbHbIX NepeMeHHbIX. [IpH Ha-
XOXK[IEHUM YACTHBIX IIPOM3BOIHBIX HCIIONb3YIOTCA NpaBHiIa
BBIYKCIIEHUS POU3BOAHBIX (PYHKIMHM OIHOI NepeMeHHOM.

YacTHas mpou3BomHas B rpaHUIHOM Touke.  YacTHas
npousBopHas byuxmu f: DCR? >R onpenenserca B
Touke M, (x, . yo) , ABJIAIOIIEHCA BHYTpeHHEH TOYKOM
MHOXecTBa D — MHOXeCTBa onpepeneHus GyHkuuu f .
Ecnu touxa M, (x,, , ¥,) — rpaHuuHas ToukaD, TO vact-
Hble IPOU3BOAHbIE GYHKIUK f B 3TOH TOUKE ONpeelIAIoT-
cs Kak npenensl (puc. 2.38):

fe (g, 99) = 1im £L(x, 34);

X=X
0

£y (xg, ) = lim f(x,,).
Y=,

o!

Ho He nyis1 BeAKO# rpaHMyHOlM TOYKH MHOXecTBa D 310 on-
penenenue npurogHo. Hanpumep, ecniu D umeer Bum, u3o-
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GpaxkeHHbI# Ha puc. 2.39, TO B TpaHUYHO# TOUKE Mo (xo, yo)
HeNb3A ONpeNeNuTh HU OTHOM U3 YaCTHBIX INPOM3BOJHBIX
j;(x, Vo) H f (x4 » ) . Ho Bo3MOXHBI paBeHCTBa f; (xq >
. . '
7)) = lim F (x5); £ (xy,y,) =lim fi(x,y) npu
X=X 0 X=X 0
Y=>Yo Y=Y
(x,y)EL ,rne L —HexoTopas kpuBas u3 D .
Mostroe npupamenne Gpyrxupm. [lycts Touxa My (x, ,
V,) €CTb BHYTpEHHsA TouKa MHOXecTBa D —  MHOXeCTBa
3aiaHusA GpyHkuuu f .
Tonnvim npupawenuem dynxuum f B TouKe M ,co-
OTBETCTBYIOIIIHM NPUPAIIIEHNAM apryMeHTOB Ax U Ay
(puc. 2.40), Ha3bIBaETCA PA3HOCTH

flxy *Bx,y,+8y) —f(xy, 7)) =
=fM, +AM) —f M) =Lf (M) ,

rIe TOUKa Mo + AM npuHapnexur D .
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HyaM Mo I
Ho=(%0,490)
MpaM=(Xg*a X, 4p*4 )

Ecmu nnist f cymectBytor BM,  yacTHble NpOM3BOL-
HbIE, TO, HCIOJIb3YS TEOPEMY O KOHEUHbIX  INpHPALIEHHAX
(teopemy Jlarpamka) pj1a GyHKUMH OHOM IIepEMEHHOH,
HOJIHOE Np HpallieHue GYHKIMM MOXXHO 3aIicaTh B BHIE

Af My) = (f(x, +Ax, y, +Ay) —f(x, +A;"J’o))+
+(f (x, *Ax. yo) —f (x4 ¥,)) =j; (x, +0x,p, +
+0,0y) Ay +f, (x, +0,4x,y,) Dx ,

rme 0<06, < 1, 0<0, <1.
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Nuddepenuman Gpynkummm. Pynxuus f: D~ R,DCR?,
HasbIBaeICA Ougdepenyupyemoii B TouKe M (X, yo)GD
ecily ee MONHOe MpHpawenne Af (x,,y,) MpeacTaBuMO
B BUJIE

Bf (%, 7,) =ABx +BAY +0 (p) ,

rne A,BER, p =/ Ax? +Ay? .

Teopema 1. Ecu [ ouppepenyupyema eM,,
cyuecTeyT f M,) u f (M ) , pasHble cooreercreenno
A uB.1.e Kf(My) = [ (M) Ax +f () by +0(p)-

Teopema 2. Ecau [ umeer s M0 nenpepblenbte
4acTHble NPOU3B0OHbLE, TO OHA Oupepenyupyema 6 M

Buipaxcenne f, (M) Ax + [ (M) Ay = df (M) Ha3br-
BaeTcs HOMAHbIM 0u¢gﬁepenuuar10M tbyHKupm fB TO‘lKeM o
Wik ougdepernyuanom gyrkyuu u o6osnavaercs df(M,).
Ins nudpdepentiupyemMoctu GpyHKIUK f B TOUKE M, -He06-
XO[IMMO HaJIMuKe B 3TOH TOYKe OOeuX YacTHBIX IIpOPl3BOJ_1~
HBIX, T. €. [JBYX KacaTellbHbIX K JIMHHAM IepecevyeHuss I0-
BEPXHOCTH Zz = [ (X, ¥) C IVIOCKOCTAMUX =X, Uy =Y, B
Touke P (puc. 2. 41).BmMecre c TeM mis nn&@epeﬂuupy
eMOCTH f B TOYKe M 10CTaTOYHa HeNpepbIBHOCTb  yKa-
3aHHBIX YaCTHBIX npou31aom{blx B nocnemneM ciyyae MOXx-
HO NMOCTPOMTb KaCATEAbHYIO NAOCKOCTb K TIOBEPXHOCTH
z = f(x,y) B TOUKE P, . O4eBHOHO, YTO B 3TOH IUIOCKO-

CTH JIeXAT U KacaTeJIbHbI€ NIPAMbBIC K CEYCHHAM.
YpaBHeHne KacaTeIbHOW IDIOCKOCTH K ITOBEPXHOCTH

z=[(x,y) B 1OUKe Py (X, ¥, f(X,,¥,)) uMeer Buz
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%Mo) <0, tga <O
/") >0, t98>0
9f(M)>0

affH)
|

dffMo)=dy [Ha)*dy$1t1p)
(8420, dy10, @y #20)
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z=2+10-1)304-1)?

/
Ve
|y A— P Y
Mo
MosaM

Puc. 2.43

Z_-ZO =fX‘(MO) (x -xo) +f;(x0,yo) (y _‘yo) )

rne z, = f(x,,¥,); (x,, Vo »2Z,) — Touka Kace

Hus, (x,y,z) — Tekywas ToyKa KacaTeJIbHON IUTOCKO-
ctu P . YuutsiBas, 4ro Beipaxenue f, (X,,¥,) Ax+j;' (x, »
¥,) Ay onpenenser nudbdepeHuMan GyHKUMH, HMEEM  Z —
~zy = df(M,) ,T.e. nupdepenuman Gynkuunf B  TOU-
ke M, (x,, yo) YUCTIEHHO paBeH IpHpAILEHHIO aIllIMKa-
b1 (TpeTbell KOOPAMHATHI TOYKHM TpocTpaHcTBa R> mexap-
TOBOM CHCTeMbI KOOPIMHAT) TOUKH KacaTeJIbHON IUIOCKO-
CTH TIpH Nepexofie OT Touku M K Touxe M + AM(pnc.2.432).
Ha puc. 2.43 paccmatpuBaercsa dynkuua z =(x—1)“+
+ (» — 1)? + 2. OueBnmmo, uro df (1,1) =0, Tak Kak Ka-
caTeNlbHasA IWIOCKOCTh K TOBEPXHOCTH B TOUKeE P0(1,1,2) na-
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paulensHa IwiockocTu Oxy.

IpousBomHas cnoxHo¥ ¢pyHkumuu. B mpennonoxenuu
muddepeHIMpyeMOCTH pacCMaTpUBAEMBIX B 3TOM IYHKTe
yHKUMH U BO3MOXXHOCTH COCTaBIICHUA KOMIIO3UIMIA U3
HHX CIIpaBeJIMBbI CJIeIyIOIHe PaBEHCTBA!

dz 0z dx , 0z dy

— == = 4+-— =— ecmu z=f(x,y) U

dt ox dt oy dt X =x(),y = ()

dz 0z ,0z dx ,0z dy
== C S BT o z =f (k0 0)
dt ot ox dt oy dt ux=x(t),y =y();
oz 0z Ox 0z Oy

= — — -~ +~— ,€eclu Z:f(xty) u
ou Ox ou Oy ou x=x(u,0);y=yu0).
0z _ 0z 0x , 0z Oy,
v 0x O0v Oy Ov

HUnBapuantHocts popmsl muddepenunana. Ins pyHk-
uvM f [ByX He3aBUCHMBIX NIepeMeHHbIX X, y auddepen-
1Kl B Touke (X, y) ONpedelsercs yepe3 YacTHble MpOM3-
BOJIHbIE

df(x,y) = [ y)dx + [ (x, »)dy,

roe Ax:=dx,Ay:= dy — npupalleHus apryMeHTOB.

Ecnu paccmarpuBaetca yHKums f epeMeHHbIX X, Y,
NpMYeM 3TH IIEpEMEHHbIE B CBOI0 OYepeib ABNANTCA GYHK-
IMAMH IepeMEHHOMH ! TaK, YTO BO3MOXHA MX KOMIO3ULMA
cf,T0
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df (x,y) =df (x(1),y (1)) =f (), y(t))dt =
= (f e »)x" () + £, (6, »)-y (0))dr = £ (x, y) dx+
+f (x, »)ady

rae dx = x'(1)dt; dy=y'(t)dr.

CeoiictBo nuddepenunana df (x, y) coxpaHsaTb CBOIO
¢$bopMy He3aBHCHMO OT TOro, OyAyT JIM NepeMeHHbIE X, ,
OT KOTOpBIX 3aBMCHUT DYHKIMA [, HE3aBUCUMBIMU WIH
3aBUCHMBIMU, Ha3bIBAETCA UHBAPUAHTHOCTbI0 hopmbl Tud-
depenmana.

2.5. MNPOU3BOIHBIE U TUOGOEPEHLIMAJIBI
BbICHIMX ITOPAIKOB

YactHble npousBoaHble BbiCIIHMX mopsinkoB. Ilycrs
obynkimusa f: D C R? - R B okpecTHocTH E Touku M ume-
€T YacTHble MPOM3BOOHBIE f ;C uf }'} , KOTOpbIe B CBOIO Oue-
penb ABNATCA GYHKUUAMH [ABYX NepeMeHHbIX. Ecriu onu
obnamarT B TouKe M UYacTHBIMU TNPOU3BOAHBIMH, TO ITH
NPOM3BO/IHbIE HA3BIBAIOTCA MPOU3ZBOOHBIMU 8TOPO20 NO-
padka GyHKuwuy [ .

Ilo aHanormM ¢ YaCTHBIMM HPOU3BOIOHBIMU BTOPOrO
NopsAAKa BBOIATCA NPOU3BOOHble TPETbe20 U 8Cex noce-
OyIuUx NOPAOKOS
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YacrHple TpON3BOOHBIE TAKXKE MOXHO Of03HAYaTh Clle-
LyHIIUM 06pa3oM:

po=L g g =Ly
X

x ox?

" "
IIpousBoHbIe fxy 31 fyx Ha3bIBAIOT  CMEUAHHbIMU

Npou36800HbIMU BTOPOTO NOPANIKA,

TeopemMa 0 cMemIaHHBIX MNpPOM3BOL-
H bl X. Ecau cmewannbie npouszgooHsie f;y u f;  8Topo-
20 nopsaodxa gyuxyuu f(x, y) HenpepvigHbl 8 Touke M, TO

oHu 6 310ii TOUKe cosnadaror: fy , (M) = f ';, <.

Cneocrsue. Ecnu Bce yacTHpIe TPOM3BOIHbIE NOpAAKa
n ¢GYHKIUH IBYX NIepeMEHHbIX HENPEphIBHBI B TOuKe M,
TO BEeJIMYMHA KaXK[I0M YaCTHOM IIPOM3BOJHON B ITOM TOUKE
3aBHUCHT TOJIbKO OT o6uiero umcnia auddepeHIupoBaHuUii
o x;rlr noy, T.e. paBHa YacTHOM NpOH3BOJHOHM BHIA
oxkoyn—k °
HO k.
76
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Nuddepenmmans: Beicumx nopsiakoB. Juddepenuuan
byHkMM [ HaspiBalT Takoke quddepeHIaIoM MepBOTO
nopsyika u o6o3Havawt d'f. Jupdepenyuaiom n20 no-
padka ¢yHxkumu f HaseiBatoT nuddepennman or gudde-
peHumana (n —1)-ro nmopspka:

d'f = d@""'f)

nipu ycnosuu cyuecrBoBanus d” 7! f u quddepenumpyemo-
CTH ero.

Ecmu dyskums [ nBaxns quddepeHupyema B HEKO-
TOpO#i TOUKE, TO B TO# TOYKE CyLUECTBYIOT BCE €€ YaCTHBIE
IPOU3BOJIHBIE BTOPOTO MOPAIKA U

2f=ddf) =2 fo2 +0x20f Ax Ay +

o*f 0’f £.2
« e +—.
+ Syox Ax Ay o Ay
roe Ax :=dx, Ay :=dy.

Ecmu ¢dyHKuuA OBYX MepeMeHHBbIX / HelmpepbIBHO aud-
dbepenuupyema n pas B Touke MED ;10 d"f npencrapnser

CYMMY cJlaraeMbix BHa —%;- ¢ K03 buimeHTaMu
’ ox oy
i _ _n n i a"f n—i
C it(n-n! it nEoC" oxloy"~ ldxdy

Hudbdepennuans: nopsAaKa BbIllle IEpBOro He obana-
10T MHBapHaHTHOCThI0 hopMbl. [Tokaxem 310 wia  mudde-
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peHIlMarIa BTOporo nopsaka. Eciu x, y — He3aBUCHMBIe Tie-
PEMEHHbIE, ABNIAIOIINECA apTyMeHTaMH byHKIMH Z =[(X,)),
HMeEIOILIEH HETIpepbIBHBIE NPOU3BOIHBIE BTOPOTO IOPANKA

B 06NIacTu ee onpeneneHus, To

o o ’f
2 2
Pr= a2y sy Ly

Ecmu z = f(x, y) u dyHkumu x = x (¢), y =y (¢) TaKo-
Bbl, YTO BO3MOXH2 MX KOMIO3uLus C [, TO Bropoi nudde-
peHuMan d’z Npu yCIOBMH €ro CyLIeCTBOBAHHA BBIYHMCIIA-
eTca o ¢opmyie

d’z= ()f x? +2 ofddy+ fdy+
ox? oxoy 0y?

of » . O n
+()de+ Oydy’

rae d’x =x"(t)de*; d*y =y"(t)dr* .



3. T JIOBATTBHBIE CBOMCTBA HEINPEPBIBHbIX OYHKIIMHA

3.1, HENIPEPBIBHbIE HA MHOXECTBE ®YHKILIUH

Dynrxyun [, onpedenennan na MHoxcectee G , A84110-
wemca 06aacrvio uau 06seduneruem obaacreli, Ha3vleaer-
CAl HENPEPbIBHOUI HA ITOM MHOXECT8e, eCAU OHA Henpepblg-
Ha 8 kaxooi Touke G (puc. 3.1).

Hanpumep, pynkuua z = HellpepbIBHA Ha

1+x% +y?
mwiockoctn Oxy (puc. 3.2),a dynxmus z = In/ x? +)?
(puc. 3.3) HenpepbiBHAa Ha OxY , 32 UCKITIOUEHHEM TOYKH
0,0).

OyHkuusa [, onpeneneHHas HA 3aMKHYTOM MHOXeCT-
Be, Ha3pIBaeTCA HENpepbIBHOM HA 3TOM MHOXECTBE,  €CIIH
OHa HellpeppIBHA BMOJIb YKa3aHHOTO MHOXECTBA BO BCEX
ero TOuKax.

O cTpyKType MHOXECTBa  3HAYEHWH HeNpepbhIBHOM
GYHKINM rOBOPAT CIIENYIOIIHE TEOPEMBI.

Teopema BeltepmTpacca (reopema 06 3kc-
TpeManbubiX 3Hauenunx). OYHKYuUs, HenpepvieHan Ha KOM-
naKTe, 02panuyeHa u 00CTU2aeT C8OUX TOYHbLIX BGepPXHel U
HwxcHell 2panuy (puc. 3.4).
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Puc. 3.1

3ameTHM, UTO BCe YCIOBHUA TeopeMbl  Beiiepiurpacca
ABJIAITCA CYILIECTBEHHbIMH, T. €. €CIH KakKoe-Tu6o u3 yc-
JIOBU OIYCTHTb, HEe U3MEHAS OCTAIBHBIX, TO TeopeMa Ile-
pecrtaer 6b1Th cripaBeiuBoi. Hanpumep, dynxmus f(x,y)=

L1
;2—_'_—};2 (puc. 3.5) , HenpepbIBHAsA BO BCEX TOYKAX 3aM-

kHyToro kpyra K : x? + > <R?, 3a HMCKIIIOYEHHEM TOY-
xu (0, 0) , He orpaHUueHa CBepXy Ha 3TOM MHOXecTBe. Ka-
Koe 6bl 3HAYEHHE Z = C HU B3ATh, BCETJa HAMIETCA TOYKA
M*, M*€K, uto f(M™ > c.

OyHKUHUA, HEMPEPHIBHASA HA OTK PHITOM MHOXECTBE, MO-
€T He [I0CTHTaTh HAUGOJIBIIEr0 M HANMEHBILETO 3HAUCHHIA.
Hanpumep, pyuxuus z =—;“(x2 +y%) HempepniBHa B OT-
KpbiTom kpyre K : x* +y? <1 (puc. 3.5). Tounas Bepx-
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2= n/iteg?

YHEG. 4(11)S4(M)&$(1)
Puc. 3.4

Hsisl rpaHulia MHOXECTBA ee 3HaueHui paBHa 4/3. Hu B on-
HO#i TOUKe Kpyra He BbIIONHsAETCA paBeHcTBo f (M) = 4/3.

Teopema BeitepiiTpacca jaeT IOCTaTOYHbIE YCIOBHS
CYLIECTBOBAaHUs 3KCTPEMAJIbHBIX 3HAUCHUA (YHKIMH Ha
3aMKHYTOM CBA3aHHOM MHOXXecTBe. OOHAKO 3TH yCIIOBHs
He ABNATCA Heohxomumbimu. Hanpumep, dynknus z =

2Xx
= TLz HellpepbIBHA BCloly Ha MHOXecTBe 0 <x < 1,
x“ty
0< y < 1 (puc. 3.6), 3a uckmouernuem Touxu (0, 0), npu-
yeM [I0OMpeNeNuThb B 310 Touke pyHKIMIO TakuM 06pa-

30M, YTOGbI OHA CTaJla HEMPEPHIBHOM, HEMb3s, TAK KaK
. 2xy . 2kx? 2k
hrn 2 2 = hm 2 2 = 2
x>0 X'ty x>0 X" (L+k%) 1+k
y=kx
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, FIN*)>c -
P4
é Z=C
11
)
% R Y
X
Puc. 3.5
Y s
onf—4 s
or My(11)
Y5
Yy
\
‘OJ no)x 0
Puc. 3.6
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OnHakKo Ha 3TOM MHOXeECTBe GyHKIMsA orpaHmyeHa: 0 <
< f(M) < 1 v pocTuraer cBOux HauGOJIbIIErO U HAUMEHD-
wero 3HaveHuit: f(1,1) =1; f(1,0) =0.

TeopemMa o NMpoMeXyTOYHOM 3Haue-
HuHu. Ecau gpynrxyus [ nenpepviéHa Ha c8A3HOM MHOXce-
crée G npoctpancreéa R® u npunuMaer Ha 3TOM MHOXce-
crge 3Hauenua A u B, A, BE R, To oHa npunumaer u 8ce
npoMmexyTouHble 3Hauenus, T. e. 0aa awboeo C, A <C<
< B, Haiiderca xoTa 6bl 00Ha Touka M* M*€G , uTO

FOMY = C (puc.3.7).

3ameTHM, 4TO Touka M*Moxer 6GbITh He eIUHCTBEH-
HoM. Ins mo6oii touku MEL (puc.3.7)  BBINOJHAETCA
ycnosue f(M) =C.
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Cnedcreue. MHoWecT8oM 3HaueHUll YHKYUU, Henpe-
DbIBHOU HA C8AZHOM 3AMKHYTOM 02PAHUYEHHOM MHOXCeCT-
8e, CAYXUT OTPe30K.

Onpenenenne. Oyuxkuus f Ha3pIBaeTcs PAGHOMEPHO
Henpepbignoii Ha GCR? Jectu YV e€>0 6> 0, uro
VM, ,M,eG

dM, M) < 8= |f (M) —FM,)| <e
TeopemMa o paBHOMEepHON HempepslB-

HocTH. Fcau [ HenpepbigHa Ha KOMNaKTe, TO OHa pas-
HOMEDHO Henpepbl8Ha Ha ITOM MHOXECT8e.

3.2. 3KCTPEMYM

JlokanbHblit 3KcTpeMyM byHKIHH. BHyTpe}{Hi{H TOY-
ka M muoxecrBa G CR? Ha3pBaeTcs TOUKOM 10KEAbHO-
20 maxcumyma dyskiud f: G > R, ecid  CyLIECTBYET
okpectHocTh E_Touku M, npm{anne)xamax G , 4TO
VMEE f() > f(M).

Touxa M Gyner TOUKOi#l cTPO2020 10KANBHO20 MaK-
cumyma e yii  VMEE BbINONHAETCA HEpaBEeHCTBO
fF M) >f(M).Touka M HaspiBaeTcA TOUKOH /10KAAbHO-
20 munumyma byuxkmuuf: G > R, ecnu CYLLIECTBY€ET
okpecTHOCTb E Touku M , mpuHamiexamas G 4TO
FM)<fM VYV MEE, crpocozo n0KkanbHo20 MUHU-
myma, ecmu f(M) <fM) .

Ina ynxmmit z = x2 +y?; z= /x> +»*> Touka
(0, 0) — Touka mMunuMyMma; byukuma z =/ 1 — x2 — »?
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Puc. 3.8

B Touke (0, 0) MMeeT NOKabHbIA MakcumMyM  (puc. 3.8).
Touku MUHMMYMa U MaKCcUMyMa QYHKIMHM  Ha3bIBalOTCA
TOUKaMH 3KcTpemyma. Ilpu ompenesieHUH TOYEK IKCIpe-
MyMa OCHOBHYIO pOJIb HTPaloT MpOU3BOAHbIe QYHKINMH, ee
ouddepeniman.

Heo6xonumMoe ycnoBHe J3KCTpeMy-
Ma byukuuu. Juipdepenyupyeman  @ynxyus
f: GCR? >R umeer 10Kanbublii IKCTpEMYM AUWLD 8 TOY-
Kax (x,y) €G, ¢ koropuix df (x, y) =0, T. e. 8 Toukax,
8 KoTopblx 00e 4acThble npou38ooHble PynKyuu obpawa-
10TCA 8 HYAb:

ofxy) _ . Sxy _
ox ’ oy )
T €OMETpHYECKH CKa3aHHOE O3HAvYaeT, YTO KacaTeJlIbHasz

IUIOCKOCTH K NMOBEPXHOCTH Z = f (X, ¥) B TOYKe 3KCIpe-
Myma M mapajtenbHa wiockoctd Oxy (puc. 3.9). Ilia
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af L 10
Puc. 3.9

HeguddepeHMpyeMoi GyHKIMHM TOUKAMH ~ JIOKAJIBHOTO
3KCTpEMYMa MOTYT GBITh TOUKH, B KOTOPBIX HE CYILECTBY-
10T YaCTHbIE IIPOU3BOMHBIE, — TOYKU OCTPO20 /N0KAALHO20
sxcrpemyma (puc. 3.10).

PaBeHCTBO HyII0 YaCTHBIX NPOU3BOAHBIX MG depeH-
uupyeMoii B Touke M, GyHKUMM ABNIAETCA HEOHXOOMMBIM
yclioBHeM 3KcTpeMyMa ¢yHKIMH B 3TOi TOUKe, HO He J10-
craroudsiM. Hanpumep, o6e npousBogHele  GYHKIMU Z =
= x? — y? (puc. 3.11) B Touxe (0,0) paBHBI HymoO, Of-
HAKO0, KaK BHIOHO U3 NMOBENEHNA (DYHKIMH B OKPECTHOCTH
9TOM TOUKH, 3KcTpemyma B Touke (0, 0) Her, (0,0) — ceo-
n108as Touka.

HocTaTouHOe YyCIOBHE 3KCTpeMyMa.
ITycrs gynxyus [ : G —> R Oudpdepenyupyema 8 oxpecr-
HOCTU TOYKU Mo‘ €G u08axobl Henpepbl8HO Ouddeper-
yupyema 6 Touke M, npuuem df (M) = 0. O6osnauum
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ooy M,
2 ox? oy

0*f (M,)
d, = ox?
20
0x0y

, d

Ecau aV1 > 0,d >0, 1o M, — rtouxa maxcumyma
[ ); ecaud < 6, d,> 0, To M, — Touxa munumy-
Maf(x,y); ecaud, <0, gynxyus [ axcrpemyma ¢ Tou-
K‘eMo He umeer; ecau d2 =0, Huueeo onpedenennoz20 o

ToykKe Mo CKa3aTo Henb3A.

HocraroyHoe yclnoBue 3KcTpemMyMa GYHKIMH yHo0-
Hee chopMyIHpoBaTh ¢ moMolusio Aud deperumnanon. Iycts
¢ynkuua f: G > R, quddepeHunpyemas B HEKOTOpOR
OKpecTHOCTH E Touku M0 , ABaXIbI HEMpepbIBHO aubde-
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Ta6auya 3.1

HN3o6pakeHne

dYHKIM IKcTpeMyM

YcnoBue 3KCTpeMyMa

I'nagku# nokasb-
HBIA MUMHUMYM

OcTpelit NOKab-
HBIA MUHUMYM

T'napkuit noxkans-
HbIA MaKCHMyM

OcTpsIit TOKanb-
HBIA MAKCHMYM

CennoBas Toyka

df(Mo) =0

d2f(Mo) — TMOJIOXHTEb-
HO omnpefeneHHas popMa

dfiM, o) He CYLLEeCTBYeT

dfiMy) =0
d? f(Mo) — OTpHLATENbHO
onpepeneHHas ¢opma

df(Mo) He CYLIeCTByeT

dfiM,) =0

d? f(Mo) — 3HaKoIllepeMeH-
Has dopma



peHuupyema B Touke M, . Touka M| — crayuonapras TOu-
ka ¢byHkumn f,T.e. ¢?f M) = =0

Ecau d*f (MQ) ABNAETCA NOAOKUTENAbHO OnpedeneH-
HOll K8adpaTuyHou.opmoii nepemenHblx dx ,dy, TOPYHK-
yua f 6 Touke M, umeer MuHUMyM; ecau  KeaopaTuunasa
popma d* f (M,) — otpuyarensno onpedeaennasn, 710 f 8
Touke M umeer MaKCUMyM; €cau xce dxf M) npeo-
craganer coboil 3HaKONepeMeHHYI0 Keadparwmyto dopmy,
10 yHKyua [ 6 Touke M, sxcTpemyma He umeeT; cayuaii
d*f M,) =0 1pebyer gonwzuure/zbnoeo uccnedogarus
(Taba. 3 1).

IMyctb Touka O (0, 0) — crauyuoHapHas Touka (YyHK-
m f(x,y) nf(0,0) =0.Ina BbIACHEHUs TeOMeETpHYe-
CKOTO CMBICTIA IPUBEIEHHBIX YCIIOBHHA pacCMOTPUM B IpO-
crpanctBe Oxyz NoBepxHOCTH z =f(x, y) Uz = Ax? +
+2Bxy + Cy?, rae

Azozf@); g = 91, Q’ Cc= oszO)
ox? 0x9y oy?

PaccrosiHue MexXy 3TUMHU [IOBEPXHOCTAMH B  TOUYKE
(x, ) , onpenensemoe pasHoctsio f (x, y) — (Ax*+2Bxy +
+Cy*),npu p=+/x*+ y* > OpaBHoO (p), TaK Kak
Ax? + 2Bxy + Cy* = d*f£(0,0). TloepxHocTb z = Ax? +
+2Bxy + Cy? npencrapnser coboit asauntuyeckuil napa-
60210u0 C BeplUMHON B Touke .0, HaNpaBJIeHHbI BBepX (B
TIOTIOXKHUTENBHOM Hanpapyenun ocu 0z), xoraa d?f(0,0)>
> 0, 1 HanpaBJIeHHbIA BHU3 (B OTPHUATENILHOM HaInpaBile-
M ocu 0z),xorga d®f(0,0) <0. B cnyuae, korma
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d%*f(0,0) s3maxomepemenHa, touka O (0,0) sBnsercs
cemioBoi. brmskyio hopMy Ipu MaioM p UMeeT U IOBEpPX-
HOCTb, OIIMCbIBaeMas ypapHeHueM z = f(x, y).

Ocobas Touka noBepxHocTH. Ocoboili Toukoii FyHK-
yuu f(x, y) HazvleaeTca Touka, 8 KOTOpol PYHKUUA He
oudiiepenyupyema, T. e. TOYKa, 8 KOTOPOU Heé cyujecrgy-
er X0Ta Obl OOHA U3 YACTHLIX NPOUZBOOHBIX PYHKYUU UU
3TU NPOU3800HbLE He ABAAITCA HENPEPLIBHbIMU 8 TOYKeE.

KacarenbHas IiockocTs K MOBEPXHOCTH Z =f (X, y) B
oco6oii Touke He cyuiecTByeT. [IpumepamMu 0coBbIX TOYEK
CITy>XaT TOYKH OCTPOro JIOK&IBHOro 9KcTpeMyMa  GyHK-

m z = f(x, y). Jna dbyakumn f (x, y) =+/Ixy| ocoboit

TouKoi aBnserca touka (0, 0). Oyukuusa z =+/ |xy| He-
npepsiBHa Beiony B R?, B Touke (0,0) cymectBylor obe

of (0,0)  of(0,0)
HACTHbIE IPOUIBOIHEIE, MPHUEM — > — = > =- 0,

HO 3TH NPOM3BOJHbIE HE ABIANTCA HENpepHIBHBIMU B TOY-
ke (0, 0) . leficTBUTENBHO,

. ofy) . —
x—+0 xX—>+0
y=kx y=kx
VAET J'_
x—+0
y=kx
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In%ey?)2-2a952-99 -0
x%yI-3axylo Puc. 3.13

Puc. 3.12

Ecnu noBepXHOCTD onpenensaerca Kak MHOXECTBO TO-
yeK, KOOpPJIMHATHI KOTOPBIX YIOBIETBOPAIOT YPaBHEHUIO
F(x,y,z)= 0 (neagnoe 3a0anue GyHKIMH), TO TOUKa,
B KOTOpPO#l BCE YaCTHbIE MPOM3BOAHbIE GYHKIMH /  paBHBI
HYJMI0, Ha3pIBaeTCA 0coOOU TOYKOH IMOBEPXHOCTH.
Ecnu B ocofioit Touke He Bce yacTHble TMPOU3BOIHBIE BTO-
poro mopsaxKa o6palanTcsa B Hyllb, TO KacaTelbHble K I10-
BEpXHOCTH B 0cof0it Touke 06pa3yioT KoHyc. OcobGble TOu-
KU MOTYT 0Gpa30BhIBaTh TaK Ha3pIBaeMble 0COObIE JIMHUH,
Hanpumep JIMHUM camonepeceuenus (puc. 3.12, 3.13).

I'nobansHbrit 3xcTpeMyMm ¢ynkimmm. PaccmoTrpum Bo-
Tpoc 06 ompefeNeHNH HauhombIero . HaWMEHBIIIETO 3Ha-
ueHuit pyHkipm f(x, y) , HeMpeppIBHOW Ha  3aMKHYTOM
orpanuyeHoM MHOXecTBe DCR?. ToBopar, uto f(x, ¥ )
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Puc. 3.15

NpHHUMaeT B Touke My € D HanGorbliee 3HaUEHHE WM MMe-
eT B Touke My eﬂo6aﬂbnbtu Maxcumym, ecnu f (My) =>f (M)
V MED . Oynxuus f umeer B ToqxeM e/zoda/zbublu Mu-
Humym, ecmu (M) < f(M) VMED
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Oyuxuua f(x, ) = x> + y? Ha MHOXecTBe —2<x<2,
—-1<y <1 (puc. 3.14) umeer rOGAIbHBIA MHHUMYM B
Touke (0, 0) , ABNAOIIENCA TOUKO# CTPOroro JIOKaJIbHOTO
MHHHMYMa, a TTI0GAIbHBIH MAKCHMYM [IOCTHTaeTcA B Ipa-
HWYHBIX TOuKax (2, 1), (2,-1), (-2,1), (-2,-1). Ox
paBeH 5.

Oynkmmua z = x2 — y? Bobnactu x? +y2 <1 wumeer
r106abHbl MaKcUMYM B Toukax (1, 0), (—1,0), oH pa-
BeH 1, a rmo6GanbHeIil MMHMMYM paBeH —1. Jlocturaercs oH
B Toukax (0, —1), (0, 1) (puc. 3.15).



4. IBOMHON UHTETPATI

4.1. ONIPEJEJIEHUE IBOMHOT'O MHTETPAJIA

Pa36uenue miockoi ¢purypsi. MHOXECTBO Touek D
wiockoctu R? HazoBeM Mwiockoi gueypoii.  quamerpom
¢urypsi D Ha3pIBaeTCA TOUHAA BepXHAA IPAHHUIA MHOXECT-
Ba pacCTOSHMI MeXIy HPOU3BOILHbIMY TapaMH  TOYEK ,
npunamiexaumux D (puc. 4.1):

diamD = sup {d(M, ,M,)|M €D, M,€D} .

®urypa D orpanuueHa, ecnu diamD < + oo . Orpanu-
yeHHast purypa umeetr naowads (mesD) B TOM M TOIBKO
TOM CJIyyYae, eClIM ee paHULIA MOXKET ObITh  3aKJIIOYeHa B
MHOTOYTOJIbHHK C IUIOLIafbio, KOTOpass He GOJbIle CKOJb
YTOIHO MaJioro, Hanepez, 3aJaHHOTO IOJIOXXUTEIBHOTO YHC-
na (puc. 4.2) . B atom cityuae roBopsr, uro rpanuia D ume-
€T HyJIeBYI0 IUIOILANpb, a hurypa xeaopupyema. Ilnomans
KBafipupyemoi ¢urypsi D paBHa TOUHO# BepxHeil rpaHu-
1ie IUIOILa/ied BCEBO3MOXKHBIX MHOTOYTONBHUKOB, COHEp-
Xaluxca B 3T0# durype.

Qdu2ypa, 02panueHHan KyCOYHO-21A0KUM KOHTYDOM,
Keadpupyema.

94



mesFy (f’ mes /7

— (4 -

1 1T
Tt
Puc. 4.2

COBOKYMHOCTh TIOMHOXECTB {D1 .D,, .., Dn}

— . n
DiC D,i=1,n ,Ha3oBem pa3buenuem D ,ecrn U Dl. =
=1
=D u nepeceyeHue Dl.ﬂD., i #] , He COOEep>XUT BHYTpPEH-
n

nux Touek D, i=1,n (puc.4.3), T mesD; = mes D
i=1
Huamerpom pazbuenusi Ha3pIBaeTcs BeJITMYMHA p =
= max {diamD,} .
1

Onpenenenye nBoiHOro unterpana. Ilpennonaras, yto
Ha KBaipupyeMoii purype D 3afgaHa orpaHuYeHHas pyHK-
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0
Y

@es Vo=f(r;) mesp;

Puc. 4.4
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s f,f:D—>R,cOCTaBUM HHTETPAIBHYI0 CyMMY O ,
TpOM3BONILHO pa36uB D Ha yacTH ¥ BeiGpaB B Kaxiodt D;

n
TIPOU3BONIbHYI0 TOUKy M; ,0= Z f (Ml.)mele. .
i=1

Ipoussenenue |f (M;) | mesD; onpenenser  oGbem
LWIMHIIpA C OCHOBAHHEM Dl. M BpIcOTOH |f (Mi) | (puc.4.4).

Onpenenenue. /lgoiinbim unteepanom gynkyuu f no
Mmuoxwecray DCR? nasvieaerca npeden I unrezpansnoil
CYMMbL O npu cCTpeMaeHuu ouamerpa pa3buerus K Hyaio,
ecau OH cywecTgyer, He 3agucut ot cnocoba pazbuenus D
u gvi6opa Touek M;

n
lim X f(M)mesD; = [If(x, y)do,
50 =1 D

Ve>0 16>0v({D,},VMED;

= do ©
I=Jreyde o{DJ< 8= lo-I1<e.

B xauectBe pa3Guenus D Ha yacTH MOXXHO B3ATh pas-
OUEHHE CEThIO MPAMBIX, IAPAIIIENIbHBIX ~ KOOPAMHATHBIM
ocaMm (puc. 4.5) . OGo3Hauaercs MHTerpan clegyomuM o6-
pasom:

[if 6, y)do=[[fe,y)dxdy = [[f(M)do.
D D D

4 3ak. 5346 97



mes D; =do

a X

] D 4

Puc. 4.5

Heob6x00umbim ycaosuem unteepupyemocru  @yHk-
yuu f no keadpupyemomy muoxecrgy D seaserca ee
oepanuyenHocts Ha D .

B nporuBHOM cityuae 3a cuer Bbifopa Touek M, ,i=1.n,
MO)XXHO CZeraTh TaK, YTO HHTErpajJibHas CyMMa IIpH  [aH-
HOM pa3bueHuM Gyner Gonblue M1060ro Hanepern 3a0aHHOTO
Yycra, T. €. MHOXECTBO MHTErpajIbHbIX CyMM He OrpaHHye-
HO, T. €. He UMeeT KOHeuyHoro npenena. Hanpumep, s

1 -
byuxumu f(x, y) = T—z , paccMaTpMBaeMOi Ha MHO>e-
X"ty

ctBe0 < x < a, 0<y<b (puc. 4.6), BbiGEepeM NpoH3-
BOJIbHBIM OGPa3oM TOUKH M, [ylsi HEKOTOpOro pa3bueHus
U Gyzem JTULIb MEHATb TOYKY M, , npubmmkas ee K TOY-
ke (0, 0), pukcupys octansupie. Torga MHOXECTBO MH-
TErpajbHbIX CyMM, NOTyYeHHOe TaKUM o6pazoMm,  Gynder
MHO>X€CTBOM HEOI pAHHYEHHBIM
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4 f/ﬂ,’,k,))[ Veer

n
1
ak—E

(k)
.z 2 2Axiij+f(Mn ) Ax, Ay, .
Lj=1 X; + y].
i+j >2
OrpaHuyeHHOCTb GYHKIMU Ha MHOXecTBe D , ABNIAACH
HEeOGXOUMBIM yCIIOBHEM MHTETPUPYEMOCTH, HE ABIAETCA
nmocratouHsiM. Hanpumep, dyHkuus

1, el x ¥ y pallMOHAJIbHBI;

— . _ | 0, ecnn xoTs1 GBI OHA U3
f(x ) =Dtx)-DG) KOOpAIMHAT TOYKH (X,y)

HppaLMOHaJIbHA
(byuxumu D(x) uD(y) — bynkumu Jupuxie) orpaHuue-
Ha Ha MHOXecTBe 0 < x <0,1; 0<y<O0,l. [IlpousBens
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(a.10)

Puc. 4.7 Puc. 4.8

pa3buenue 06acTu MHTErpUpoBaHus Ha yactd  (puc. 4.7),
BO3bMEM B KauecTBe NIPOM3BOJIBHBIX TOYeK TOYKH C paly-
OHAJILHBIMU KOOpPIUHATaMH, TOTA

n
0, = X lmesD;=mesD = 0,01.
=1
Ecnu xoTa 661 0nHAa M3 KOOPIOMHAT 3THX TOYEK ABJIAET-
Cl UPPalMOHAIBLHBIM YHCIIOM, @ TAKUM 06pa3oM TOUKH BbI-
6paTh MOXHO IJiA MoGoro pa3GueHus, TO

n
o, = X OmesD. = 0.
2 . 1
i=1

CrnemoBaTelnbHO, OCIENOBATENBHOCTD  MHTErpAJIBHBIX
CYMM He MOXeET UMETb Iipefena.

IlocraTouHble yCIIOBHA HHTETPHPYEMOCTH  (DYHKIMH
copMyIHpOBaHbI B BHAE CIICAYIOLHX TEOPEM.
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Puc. 4.9

Teopema 1. Oyuxyus, HenpepbigHan Ha Keaopu-
pyemom Komnakrte, unreepupyema (puc. 4.8).

Teopema 2. Dynxyua, o2panuyeHHas Ha Keaopu-
pyemom komnakTe D u nenpepvignaa 6o ecex rouxax D,
KpOMe ToYeK MHOXecTea Hynegoli naowaou, UHTezpupye-
Ma (puc. 4.9).

Teopema 3. Pyukyun f, asasawwasca anzebpau-
YecKoU CyMMOIl Unu Npou38edeHUeM UHTe2PUPYeMblX Ha
K8aopupyemom MHoxecTeée yHKYuUil, uHTe2pupyema.

T'eomerpuueckmit cMbIcn nBoiHoro uHTerpaia. Ecin
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f(.y)=20 V(x,y)ED,rneD — xBagpupyemas 00-
nacth u f wHTerpupyema Ha D, TO g f(x,y)do  paBen

o6bemy yuaunopouda. Ero ocHOBaHHEM CITYXKHT OGJIacTb
D . CBepxy UWIMHAPOW OTpaHUYEH MOBEPXHOCTBIO 2 =
= f(x,y).BokoBasg MOBEpPXHOCTb €ro €CTh LIHHIpHYE-
CKas MIOBEpXHOCTb, 0Opa3ymolass KOTOpOM INapaulebHa
ocu Oz (puc. 4.10).
Ecmu f(x,y) =1 V(x,y)ED,10 [fdxdy onpene-
D

7MT womans D, Tak KaK B 3TOM CITyYae WWIKHAPOUL C OC-
HoBaHueM D orpaHudeH cBepXy IUIOCKOCThIO Z =1  (puc.
4.11). O6beM ero YHCIEHHO paBeH IUIOIAAN OCHOBAHHA.
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z=f(xy)

Puc. 4.12

Ecu f (x, y) <0 V(x, yY)ED, 10 [[f (x,y)do onpe-
D

OENTUT BEJIMYMHY , MOLLYJTb KOTOpPOii paBeH 06beMy LMJIMHI-
pouna @ , Tak Kak 06beM Q B 3TOM cllyyae ONpeeSIUT UH-
terpat no D ot dynkuum — f(x, y) (puc. 4.12).
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4.2. CBOMCTBA JBOMHOI'O UHTETPAJIA

NMuuneiwinocts Ecmu f ug vHTerpUpyeMsr Ha MHO-
xectBe D u a, BER, To bynkuus af + g TaK>xe HHTET-
pupyema Ha D u

{)f (@f (x, y) +Bg (x,y))do= agf(x, y)do +

+ Blf)fg (x, y)do
(puc. 4.13,4.14).

AogutuBHOCTb. Eciu D=D1 UD, D, I/ID2He
HMeIoT OGIIHX BHYTPEHHHMX TOYEK, TO U3 HHTErpUpyeMOCTH
f oD cnepyer mHrerpupyemocrs f no D, uD, ,npuyem

[If x, y)do =[] f(x, y)do+][ f(x,y)do(®
D D D

1 2

(puc. 4.15).BepHo 1 oGpaTHOe: ecnu f MHTErpupyema Ino
otmacru D, uobnactuD,, npwiem D, UD, =D, D NDs=
= , TO cipaBe[UTHBO PaBeHCTBO (¥).

MounotoHHocTs. Ecmu fug unrerpupyeMsi Ha
Du f(x,y) < g(x.y) W¥(xy)ED,10

JIf G, y)do < [fg(x, y)do
D D
(cMm. puc. 4.13) .
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JHxy)dudy=mes a- .72 y 7o
a2

Puc. 4.13

¥
ﬂ/f FIxy)drdu~mes ay =22 ; J
Puc. 4.14

dxay= .
{9/‘#} xay mes ay fk'l-’
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Y
R
—7,
1
—0=—
0 R X
D=D,vp,

X 2
JfHay)dxdy-mesa- ¥ . F’mv-’-
D s ypmy)dxdy s grleg)dxdy
v 7

1

Puc. 4.15

z2=lfiny)l

Jlfxg)ldxdy =mes a, +mesa.
7 /y{/ Y 17 mesdy ///{y/d;z{y——mﬂﬂ,-mfsa;



Z //x.y)-ﬂﬂ//?zxzyz

4 & —: <
- X
o 1 |
| AR
_ 13
. J/ - g
; IS
' l/’ lr'{a\\ N
DN 7 Y
"1 $RO)
Ears
Jry)axdy xR+ EXRS
U//ﬂ';-me:ﬂ-/ﬂn/ﬁ?-;R’)ﬂ’/”
Puc. 4.17

OcHoBHas oueHKa.Ecmuf uHTerpupyema 1o
D .10 u |f| nHTerpupyema no D , mpuuem

LI (x, y)dol < [[1f (x, y)|do
D D

(puc. 4.16).

Teopema o cpennem 3HaueHuH Ecmu f
HenpepbiBHa HAa D — KBajpupyemo# 00IacTd,TO Cyuect-
ByeT 10 KpaiiHeit mepe oyHa Touka M (x* y*), npuname-
xatasg D , uTo

lf)ff (x, y)do = f(x* y*)mes D

(puc. 4.17).
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z 2:f/%Y)

N meflny)s MYxY)ED
m-mesDs/If(xy)d O« NmesD
2

Puc. 4.18

OrpanuvdenHocTs. Ecmuf wuHTerpupyema Ha
MHOXecTBe D , wiowans KoToporo S , To uHTerpan or f
no D orpaHuueH, Mpuyem

mS < [[f(x,y)do< MS,
D

roe m U M — HWKHSA U BEpXHssl TOUHbIE TPaHH MHOXe-
cTBa 3HavueHuit GpyHkuuu f: D - R (puc. 4.18).

4.3. BbIUMCJIEHUE IBOMHOT'O UHTETPAJIA

BoruncrieHue IBOHHOrO MHTerpaja B Cllyyae, Korjaa Ha
KBajipupyemoii o6nactu D 3anaHa f, HelpepbiBHast HeOT-
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puuarensHas GYHKIMA, CBOOUTCA K BBIMCIEHMI0O 06BbeMa
uwiuHapouaa O (cM. puc. 4.10). O6bem Teta 0 MOXHO
MO/ICYMTATD, HCHIOJIb3Y Al ONpEMIENICHHbIH MHTErpall CileyIo-
M o6pasom. Ioctponm ceuenue Tena Q IIOCKOCTIO Y =

= const. Imomanps NONEpeyHOro ceyeHUss  NpenCcTaBlIsAeT
coboit dyHKIMI0, 3aBucALYI0 0T ¥. OHa paBHa

n()
SO)= | fxy)dx
{6
(puc. 4.19). O6beM Tena paBeH HHTErpally OT GyHKIHH
S(»),T.e.
B B n®)
mesQ = [S@)dy wm mesQ = [dy [ f(x,y)dx.
a a £0)

AHaJIOTMYHO MO>KHO BBIYMCIIUTb 0ObeM Tena O, eCliM B Ka-
YecTBe NOTIEpPEYHOrO CEYEHHUs Tella GpaTh ceueHHe ero IIoc-
KOCTbI0, apaJlIeNIbHOM KOOpOUHATHO# IWIockocTH  Oyz

(puc. 4.19) . Torpa
w(x)
Sx)= [ fx.y)dy
v(x)
H, CJIeIOBATENBHO,
b w(x)
mesQ= [dx [ f&,y)dy.
a  p(x)
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T30 ypny do‘"ﬂ'/ )0 G
e . 2-4(ny) LN TIA
i) 4Dy
2=449)"a, (ry)e 7

Utak, umeeT MecTo paBeHCTBO

Hf(x y)dxdy = Idx I)f(x , y)dy =
w(x

B n)
Idy f f(x y)dx.

Honyqennaﬂ ¢dbopmyna 1A BIMUCIIEHNsT IBOAHOTO UH-
Terpaiia yepes ABYKpaTHble (IIOBTOpHbIE) UHTErpaNIbl CIpa-
BEJIMBA U B Cllyyae IIpOM3BOJIBHOM, HHTErpUpyeMOM IO
KBagpupyemoii oonactu D , dyukuuu f . JlecTBUTENBHO,
ecnu pyHKkusA [ npuHUMaeT Ha D Tak)ke M OTpUUATENbHbIE
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3HAYEHHUs, TO OBOMHO#H uHTerpai [[f (x, y)do paccmaTpuBa-
D

€Tcs KaK CyMMa BceX 06beMOB, 3aKITIOYEHHBIX MEXIY IO-,
BEpXHOCThI0 Z = f (X, ) , KOOPOMHATHOI IUIOCKOCTbIO Z =
= 0 ¥ UWIHHAPHYECKOH MOBEPXHOCTBIO, 0Opasylomas Ko-
TOpO¥# NapayensHa ocu Oz, npmyeM oObeMbl TeX vacTel
TeJla, KOTOpble pacloNIoKeHbl Haj IUIockocThio z = 0, Ge-
pyTCA €O 3HaKOM IUTIOC, A T€X, KOTOPBIE PacloIOXKeHb] MO,
wiockocTeio z = 0, GepyTca co 3Hakom muHyc. Tak, Ha-
IpHMep, ABOMHO# uHTerpan oT GyHkuud f (X, ), rpadux
KOTOpOii NIpuBefieH Ha puc. 4.20, paBeH pasHOCTH 06bEMOB
OBYX Tel:

lf)ff(x, y) dxdy =II)If1 (x, y)dxdy -

a b
— [J{~f, Cc, y)) dxdy = [ax[f (x.y)dy -
D [} 0

a a b
(I)XI(~f (x,y))dy=£dng(X,J’)dy-

3apauva. Hajitu oGbem Tena, OrpaHUYEHHOrO IOBEpPXHO-
ctamu x? +z2 =R?; x> +y? =R?

Pemenue. Mosepxuoctu x> +z% =R? ux?+y* =
= R? — xpyroBsie IMIMHApEI, 06pasyloas NepBoro  Ia-
parensHa ocu Oy, a BToporo -- ocu Oz. Teno, orpaHmyeH-
HOe 3THMH IWIMHOpaMH, H3o6paxxeHo Ha puc. 4.21.Tak kax
OHO CUMMETPHYHO OTHOCHMTEIbHO KOOPAHHATHBIX IUIOCKO-
CTei, TO yJOGHO BBIMHCIIUTh O6BEM €ro Y4acTH, pacloloxkeH-
HOii B IepBOM OKTaHTe (puc. 4.22) . YuuTbIBas TAKXKe CHM-
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Puc. 4.23

METPHYHOCTb TeJ1a OTHOCHTENIBHO IUVIOCKOCTH X =2, Hal-
meM o6bem 1/16 ero vyacTu:

P, R X
L V= [fVR? —x? dxdz = dx [\/R? - x? dz=
D 0 0

R R3

= .|‘\/R2 —x% xdx =3

3anaqa Haiit ofibem Testa, OrpaHUUEHHOTO napaﬁono-
ugoM x2 + 4y* = z  mnockocteio z =0 u UWIHHIpaMH Y=
=z u x* =y (puc. 423)

P e w e u u e. HwimHapoun, o6seM KOTOpOro Heoﬁxo-
mmo HalTH, OrpaHUYeH CBepXY MOBEPXHOCTbIO Zz = X2 +
+4y?  mostomy
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1 /y 3
V=GP +ayP)dxdy =Jdy [ (* +4y*)dx=1.
D 0 2
y

3apava. [IpAMoyronbHblii Mapa/uIeNeNunes Cpe3aH
cBepxy NnapaboyiouioM BpallieHus ¢ lfapaMeTpom p. Bepuu-
Ha napa6oriouga paclorioXeHa Ha OCH  NapaJulesienunena,
coBmajamlel ¢ ochio Mapabonouna. BepmvHa nmapa6onou-
[a siBIsAeTCA TOYKOH nmapabononna, MaKCUMaJIbHO yHaJieH-
HOM OT OCHOBaHUsA NMapasuienenunena. Beruuciute  06bem
o6pa3oBaB1LErocs Teja, eClI CTOPOHBI €f0 OCHOBAHHA @ U
b ,aBpicoTa h .

Pew e H u e.[locTpoum TeNO B cucTeMEe  KOOpIHHAT
Oxyz , BbIGpaHHOI TakuM 06pa3oM, YTO HaYyaJIo  KOOpOH-
HAT COBMNAJaeT ¢ LIEHTPOM OCHOBAHHA Tela, ocb Oz —C OChio
TeJla, CTOpPOHBI MapajvieNienunena NapajulelbHbl KOOpOH-
HATHBIM IWIOCKOCTAM (puc. 4.24) .
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YpaBHeHue napaGonousa B BHIGpaHHON CHCTeMeE KOOp-

2 2
x*+y
OWHAT UMeeT BU, Z =h — T Torma

— ab 5, .2
= abh - 22 @ +17).

4.4. 3AMEHA IEPEMEHHBIX B IBOTHOM UHTEI'PAJIE

Koaddument pactsokenns mnockoi ¢urypsi. Pac-
CMOTpHM B WIocKocTax Oxy u Ofn durypm EWE, . Jlo-
IyCTHM, YTO CyILIeCTBYeT B3aUMHO OJHO3HayHOe OTOfApa-
xxeuue E HaE ¢ momousio npeoGpasoBanus & = £(x, y) ,

n=n(x »):

E={(xy)x=xE n),y=yE.n, ENEE}
E={¢n)E=Ex ), n=n(x,»), (x, V) EE},
rae Bce paccMaTpuBaeMble (YHKIMM HempepsIBHO mud-
Q)epeﬂunpyeMbI o cBoMM aprymenTam (puc. 4.25). Tpe-

YTOJIBHUKY E CE, cOOTBETCTBYeT KPHBOIMHEHHBIA Tpe-
yronsuux E' rmocxocm Oxy. KoopnuHaTh! ero BepLUyH
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x, =x& ,n),y,=yE .n);

x,=x¢, tAE, n), y, =y +AE, n,);
xy=x(&, ,n tAn), y, =y, .0, +An).

C TounOCTBIO 10 ECKOHEUHO MaJIbIX EPBOTO MOPAIKA

otHOocuTenbHO Af , An uMeem

Ve
y"?

’
mes £ ;

mesE'=#+]"¢ ¢ |mesEl' +0(mesE]).
X
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r Y
r=rm)
8O
Y reriy)
P a ¢=0 x

Puc. 4.26

Axobuan npeobpazosanus

Dx,y) _

D& ,m)

[ ’
R
’ ’

xn Y

P

n

B3ATHIN 110 MOAYJIIO, ABIAETCA KO3P@PUYUEHTOM pacTaxce-
Hua (Wi K03dGUIKMEHTOM yBeJTUYeHHU iomanu) ¢ury-
PHI B TOUKE.

Mpumep. OToGparkeHHe KPUBOIIMHEHHOM  Tpamnenuu
0<y¢<y,<2m, 0<r<r(y) Bmwiockoctd Opr Ha
KPpHBOJIMHEHHBIN CEKTOp B IVIOCKOCTH OXy ¢ NOMOILBIO
MOJIAAPHOTO NpeoGpa3oBaHua X =rcosy, y =rsing, 0 <
Sp<yg,,0<r<r (p) obnamaer saxo6MaHOM, paB-
HeIM 7 (puc. 4.26):

(£)) cosy sing

Dxy _ =r.
D(r,¢) —rsing r cosy
3amMeHa epeMeHHbIX B IBOHHOM HHTErpaie.

Teopema. ITycrs 83aumMHO 00HO3HauHOe 0TO6pA-
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x-y+2+2R,

N
2R
x2y2.p?
N Y4z
>
R
11 Y X
R,
2=0
X
Puc. 4.27

wenue x =x(&,n),y =y (£,m) mnoxecrea E, Ha mMHOXe-
creo E 3a0aerca nenpepvigho ouggepenyupyemsimu @yn-
xyuamu x((.,m), y(¢,n), umernwumu HenpepviéHble
YacTHvle npou38oOHble nepgoz2o nopadka, u AKobuaw

%;)Z)l eciooy 6 E| otauuer ot uyan. Ecau f unrezpu-

pyema Ha E, o

D(x,y)
gff(x»y)dxdy Iflf(’c(é ,m,y(E, "))'D(s ) |d&dn.

IIpu nepexone k nonsApHbIM KoopauHatam  ¢GopmyIa
3aMeHBI 3aMHULIETCA B BUIE

gf(x,y)dxdy =g f(r cosy, rsing) rdydr.
1
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3apava. Haiitu o6beM Tena, OrpaHMYEHHOTO  IWIMHA-
pom x? +y* =R? umnockoctamu z =0, x — y +z =2R
(puc.4.27).

P e e H u e. [Ipoex1us paccMaTpuBaeMoro Tejla Ha
mwiockocTs Oxy npencraBisfer coboi Kpyr ¢ LEHTPOM B
Hauajle KOOpAMHAT paguycoM R:

V =[{(2R—x+y)dxdy = [[r (2R —rcosy+rsiny) dpdr=
D D

2w R 2mn

=[do[r (2R - rcosp+rsing)dr= [ (R® -
o o 0

- —;R3cos<p+—;R3sin¢)d¢ = 2nR® .

4.5. MEXAHWYECKHE ITPUJIOKEHHUA
JOBOVIHOT'O UHTETPAJIA

Macca nnacTunsl. BeruuciieHue Macchl IUIACTHHbI, 3aHH-
Marolnieit o6nacts D mwiockoctu Oxy, eciii IWIOTHOCTb pac-
IIpeIeNIeHns Macchl 3a/iaHa HellpepbIBHOM GyHKIMeH p (x,)) ,
CBOOMTCA K BbIUHCIIEHHI0 MHTerpana mo oGmact D c
NOABIHTEr parTbHOM pyHKIMER P (X, ) :

m= [fp(x y)dxdy.
D
JT0 clemyer U3 MpenBapUTENILHOrO, MPHOIMXEHHOTO BbI-
UMCJIEHMsI MACChl TUTACTHHBI, IUTA yero IiactuHa D pa36uBa-
eTcs POU3BOJIbHBIM 0Gpa3oM Ha n yacTel ¢ IUIOIIAOAMH
Aok , k=1, n.Maccy Kaxmoro yyactTka MOXHO CUMTaTh
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0 b3
M=m-d(aP)

Puc. 4.29

npu6mkeHHO paBHO# p (£, , M) Aoy ,a mMacca Beeli IUTac-

n
THHBI IpUOIIIDKEHHO ~ paBHa k’) p (& . m) Aoy (puc.4.28).
=1

CraTHdecKHe MOMEHTHI iacTulbl. CTaruyeckum mo-
MEHTOM MATepUdnbHoil TOYKU MACCbl M OTHOCUTEAbHO OCU
Ha3bl8deTCA NPOU38edeHUe MACChl TOYKU HA PACCTOAHUE ee
OT 3T10li OCU.

CraTHyecKHit MOMEHT OTHOCHTENIHO OCH KOHEYHOH
CHCTEeMbI MaTepHANIbHbIX TOUeK P , k=1,n , nexauux B
OJTHOM IUTOCKOCTH C OCbI0, paBEH CyMMe NpOH3BeIeHUH
Macc 3TUX TOYeK Ha PacCTOSTHUA UX OT OCH,IIPHYEM paccro-
SIHMSA TOYEK, JIeKALIUX 110 OTHY CTOpOHY OT OCcH, BepyTcsa
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Pxlin, ) B lex. fn)

€O 3HaKOM IUTIOC, @ paCCTOSHUA TOUEK, JIeXaLUMX MO [pY-
T'YI0 CTOpPOHY, — CO 3HaKOM MHHyC. Tak, MOMEHT CUCTEMBI
MaTepHalbHBIX TOueK , H300parkeHHbIX Ha puc. 4.29, paBeH

M=md©,P)+m,d©,P,)-mdO,P,)+
+m,d(O,P,) +m_ -0,

rme m; — macca Pk - TOYKH.

JIns MaTepuanbHO# wiacTuHpl D , ITIOTHOCTh — paciipe-
[eTIeH!s: MacChl KOTOpOM 3a/1aeTCsl  HeNpepbIBHOH (yHK-
uueit p (x, y), cTaTHUeCKHe MOMEHTbI OTHOCHTENIBHO KO-
opOvHaTHbIX Ocelt (puc. 4.30) BBMMCIISIOTCA C IOMOLIBIO
uHTerpanoB. JleficTBUTENBHO, pa36uB D Ha yacTu ¢ IUIOLIA-
aaMu Ao, 4 CYMTas, YTO Macca KOKIOOW YacTH, paBHas
P(Ek M) Aoy, k= 1,7, cocpenoTouena B Touke P, (Ek ,
7;) , 3 PACCTOTHHE TOUKH P OT Oceil KOOpaMHAT OTperens-
eTcsl ee KOOPAHMHATaMH, IpUOIIKEHHOE 3HAUEHHE CTaTHye-
CKHX MOMEHTOB M, , Moy OTHOCHMTEJIBHO OCell KOOpAH-
HaT paBHAETCS CIEMYIOLIMM CyMMaM:
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Clxc.yc)

///
i,

My, ~ nkp(ék,nk) Mgy ;

n
Z
!
R

MOy ~ Ekp(gk ) Aok .

TouHoe 3HayeHHe MOMEHTOB NOIYYHM, Mepexoas K
TNpeneny B MOJIyYEHHBIX BbIPAXKEHUAX, yCTPEMIASA AUAMETD
pasbueHus p K HyJo:

= ffyp(x, y)do; Mg, =Ifxp (x, y)do .

Koopmma'ru LIEHTpa Macc. Cramqecmle MOMEHTBI M),

M, TWIacTHHBI JIErKO NO3BOJIAIT YCTAHOBHUTDH nonoxceﬂne
ee yenrpa macc, Touky C. lleHTpoM Macc Ha3pIBaeTcs Ta-
Kas Touka C (x,, y,) , KOTOpas 0GNajjaeT TeM CBOMACTBOM,
YTO €C/IM B HEM COCPEIOTOYNTh MACCy IUIACTHHBI, TO MOMEHT
3TOH MaTepHaJIbHOM TOUKH OTHOCUTEJIBHO JII0GOH OCH COB-
NafgaeT ¢ MOMEHTOM OTHOCHTENIBHO 3TOM e OCH BCeil Iuac-
THHBIL.
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0Go3HauuB Maccy IUIaCTHHBI yepe3 M, umeeM  (pHC.
431):

Orcroma
d
My, II)pr (x.y)do
x, = = 5
¢ m Ifp (x,y)do
D
i ]L'ng i lf)fyp(x.y)do
Ye™ Tm fIp (x,y)do
D

MoMmeHT HHepIMM IIacTHHBI. MOMEHTOM MHEpLMH Ma-
TEpUATIBHOM TOYKH MacChl 71 OTHOCHTEJIBHO OCH Ha3bIBaeT-
s MpOM3BeNeHHe ee MacChl Ha KBajIpaT pacCTOSHUA TOUYKH
oT ocH. MOMeHT MHepIMH CUCTEMbI MATEPHANIBHBIX TOUEK
paBeH CyMMe MOMEHTOB MHEpIHii, COCTaBIIMIOLIMX 3Ty CHC-
Temy macc (puc. 4.32).

Pa36uB marepuanpHylo iacTuHy D ¢ IWIOTHOCTBIO pac-
MpeneJIeHHA Macchl, 3aJaHHOM HeNpepbIBHOH dyHxumein
p(x,y) (puc.4.33),Ha yacTH U 3aMEHHB ee CHCTEMOH Ma-
TepHAIBHBIX TOUEK ¢ Maccamu my = p (&, , m) Agy k. =
= 1,n, onpepnenum NpubIOKEHHO MOMEHTbI MHEpLMH Ma-
TepHATIbHOH IUTaCTHHBI OTHOCHTEIIBHO ocelt Ox uOy u oT-
HOCHTEJIbHO Hayala KoopauHat O:
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T-md?/ap) Felens )
D/(

0 U

X
. i” my d*OxF) M

Puc. 4.32 Puc. 4.33

n
[~ 2 .
on ~ kzl nkP(Ek ,nk) Aak s

n
Ip, ~ kzléip(ék ,m) Aoy ;
" 2
I, =~ k>=31(5,’c + ) p (&, m) Ay

Tlepexojis K ilpepeny, ycrpeMisas OuaMmeTp pa3bueHus
K HyJI10, IOJTy4YaeM JjIi MOMEHTOB HHEpIIMH MaTepHaJIbHON
wiactuel D TouHble GOpMYIbI:

Iy, = lf)fy’p(x, ydao; Iy, =lf)fxzp(x,y)d°;
lo = 16 +¥)p (x, p)do.
12§



3apava. Gurypa D npencraBisier co60il KpUBOJIUHEN-
HYI0 Tpalelyio, OrpaHHYeHHYI0 KpuBO# ¥ = f (x), OTpes-
KoM ocd Ox ¥ IByMs NpAMBIMU X =a, x = b . IImoTHOCTB
paclpefiesieHHs Macchl paBHa enuHuLe. Onpenenurb CTaTu-
YeCKHe MOMEHTbI OTHOCHUTENIPHO  OCeii KOOPAHMHAT M LIEHTp

Macc 3Toi urypsi (puc. 4.34).

Pemwenue.
b f(x) 1 b
My, = [I)Iydxdy = £dx { ydy =~ £f’(x)dX;
b (%) b
M0y= [fxdxdy = [xdx [ dy = [xf(x)dx;
D 5 a 0 a
m = [[ dxdy =[f(x)dx;
D a
b 1 2
J xf(x)dx ngz (x)ax
xc - ab > yc= b
[(x) dx ] dx

Ecnu popmyny, onpepensionylo  OpaMHATy LEHTpa
Macc, Iiepenucarh B BUIe

b b
2my, [ f(x)dx = ﬂ{f’ (x) dx,

TO IIpaBas €€ YyaCTb BbIpaXkaeT o6beMm Tena V , IIOJIYYEeHHO-
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ySx) g4/

%//é ! A5

o a 5 X ad a

Puc. 4.34 Puc. 4.35

r=a
x-8
Gl

N

ro BpallleHneM IU10ckoit ¢urypsi D okosno ocu Ox. JleBas
YacTb 3T0# GOpMYIIbI NIPECTaBIIAET NPOU3BENEHHE UIMHBI
OKpY>XHOCTH, OIIMCAHHO# Toukoii C NpH BpalLleHNH ee BO-
Kpyr ocu Ox, Ha mmonianp 310i durypsl. Ilonyuennoe co-
OTHOILIEHHE MOXKHO chOpMyIHPOBATh CIELyI0IUM 06pa3oM.

Ob6sem Tena epawenun naockoi gueypst D goxpyz ne
nepecekaioueil ee OCU pageH NPOU38e0EHUI0 NAOWAOU 3TOl
du2ypsl Ha OAUHY OKDYHKHOCTU, ONUCAHHOU YEHTPOM MAcCC
gpueyper: V =2my.S .

IonyyeHHas Teopema Ha3biBaeTcsi Teopemoii I'yavou-
Ha. OHa ocTaeTcs CIpaBeJIUBOM, eclid ¢urypa D orpaHu-
YeHa M CHU3Y ¥ CBepXy KpuBbiMH (puc.4.35) y = f(x) ,
y=¢(x), a< x<b .B atom ciyuae

Jfydxdy
D

b
Ve = HyS =5 () — ),

Jfdxdy
D
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roe S — mwiomams D . Otcropa ciiemyer
b b
2my, S =m[fix)dx—n[ ¢ (x)dx.
a a

IIpaBas yacTs GOpMyJIBI MPENCTABIIAET Pa3HOCTh OGBHEMOB
TeJ1 BpallleHUs, MOTyYeHHbIX OT BpalleHuss BOKpYT ocu Ox
KPHUBOJIMHEHRHBIX Tpaneuuit (puc. 4.36), YTo U ONpenesTuT
o6beM Tena,” 06pa30BaHHOTO BpallleHHeM BOKpYr ocu Ox
durype1 D .

IIpuBeneM HeCKONBKO 3a/1ay, pelleHHe KOTOPBIX OCHO-
BaHO Ha MOHATHHU IBOHHOrO MHTErpana.

3apaua 1. Haiitu cratuueckue MOMEHTBI M KOOpIHMHa-
ThbI LIEHTPa Macc GHUrypsl, OTPaHUYEHHON KPUBBIMH ¥ = X2 |
Y =X , ecllh Macca paBHOMEpHO paclipefielieHa 1o ¢urype.

P eurenue. Tak kak Macca paBHOMEpHO pacrmpeqerie-
Hamo D (puc.4.37), TO IDIOTHOCTb pacIpefieJieHHst Mac-
Cbl IOCTOAHHA, T. €. p (X, ¥) = c¢:

1

M,. =[fcydxdy =cf ;. F _ <.
Ox b 0dx f2ydy 150

pd
fxdx | dy =<
M0y=£fadx-dy—0£xx£2 =5
1 .
m= [[edxdy = cfdx [dy =—;
D o 2 6
Moy 1 _Mox_,
Xe =T =9 Y=, =5
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Y y=¢x) Y

~
N

Puc. 4.37
=)

' a X
Puc. 4.36

3amaua 2. Onpenenuts 06veM rena Bugsuanu, T. e. Te-
J1a, OrpaHHYeHHOro chepoil paguycoM R M KpyroBbIM Liu-
JIMHOpPOM, IUaMeTp OCHOBaHUA KOTOPOTO paBeH  pafuycy
cdepsl ¥ OHa U3 0Gpa3yoOLIMX IPOXOOUT Yepe3 IHUaMeTp
chepsr.

P e ur e H u e. [lToBepxHOCTH, OrpaHUYMBAIOLIHME TEJIO B
cucTeMe koopuHaT OXyz ,3afal0TCA ypaBHEHHAMH X° +
R2
e
pbI COBNaZaeT ¢ HayasioM KooppauHaT (puc. 4.38). Yuure-
Basg CHMMETPHYHOCTD TeJIa OTHOCUTEJIBHO IUIocKOcTel Oxy
1 Oxz , BoluuciisieM 06bEM ero YacTH, PpacloIOXKEHHOH B
NepBOM OKTaHTe:

+y*+z2 =R?, (x - % )? +y* =<— , ecmn uentp che-

5 3ak. 5346 129



R
2V = UV R —x -y dxdy =
D

/2 Rcosy R3
Id~p Ir\/Rz—r dr =~ = (31— 4);

V=2R (Bm-4)
5 )

3apaua 3. Jlokasars, uto eciu ¢urypa D c paBHOMEp-
HO paclpeereHHON Ha Heil Maccoi UMeET OCb CHMMETDHH,
TO LIEHTpP MAacc ee JIeKHT Ha 3TO# OCH.

Peurenue. Ilycrs och opouHar Oy ABJIAETCA OChIO
cummeTpun D (puc. 4.39). B atom ciyuae ¢GyHKIMH Y =
= f(x), y = ¢(x), 3apaniiue rpaHully, ABIIAOTCA YETHbI-
MH, T. . 0j1g M00bIX XE [—a, a] BBIONHAIOTCA paBeHCT-

Ba f(-x) =f(x),9(-x) =¢(x) u

L fprdxdy = L] xdx § d
e SIJ; Y75 o(x)
la
= $Ix0) —e@)dx =0,
—a

rae S = [fdxdy . ®yakuuu x f(x) 1 x ¢(x) HeueTHbIe U
D

HHTETpaJibl OT 3THX QYHKIUMHA 10 CHMMETPHYHOMY IIpOMe-
XYTKY paBHbI Hymo. CrienoBarensuo, x, = 0.

3apaua 4. Haititn o6beM TOpa, 06pa30BaHHOrO Bpallle-
HHMEM BOKpPYT OcH Ox KDpyra, OrpaHHYEHHOT0  OKPY)XHO-
130



Puc. 4.39

CTbIO C LIEHTpOM B Touke (@, b) paguycom R, R >b (puc.
4.40,4.41).

Peurenue. Ucnomssysa Teopemy [I'ynpouHa, umeem
2ny.S =V,rne § — wiowanp kpyra; V — obvem Tena
BpalIeHud, T. €. o6beM r0pa Y, — OpAMHara LeHTpa macc.
Kak usBectHo, S = mR?, ueHTp Macc Kpyra B cllyyae paB-
HOMEpHO pacnpeneneﬂﬂon Macchl HaXOOUTCA B LieH 2pe Kpy-
ra. CnefoBarensto, x, = a, y, = b . Utax, 2mb - nR Vv,
T.e. V=2m2bR* Eqm b = ‘R,10 V = 2R3

3apava 5. Haiitu o6bem Tena, orpaHHYeHHOTO MOBEpX-
HOCTBIO, [IOJIyYeHHOM NpH BpallleHWH JIMHUK Y =sinx ,0 <
< x <m: a) Bokpyr ocu Ox; 6) BoKpyr ocu Oy; B) BO-
Kpyr npsamoi y = 1.

P e w1 e nue. Iltomanp ¢urypsr, orpaHMYeHHOH y

smx 0< x< m,uy=0, paBHa S—}'smxdx, . €.
0

c"’II
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1 p———

7

H

Puc. 4.43

YuutbiBas, 4T0 ¢GUrypa CUMMETPHYHA OTHOCHMTENILHO
npAMoil x = /2, uMeeM, YTO ueHTp Macc C JIeXHT Ha
npamoit x = m/2. OpouHaTa LEHTpa MacC OMPENeNUTCA
cremyomM o6pazoM: i

sinx

™
Moy = [fydsdy = fdx [ ydy = s ve=

|

a) Ucnonbays teopemy I'ynbauna, ompepenseM 065b-
€M TeJla, U306 pa>keHHOro Ha puc. 4.42:

112

TH_ . =
2n 8 2=V, P
6) Ipu Bpamenuu Bokpyr ochk Oy MONyuyuM Telo,
u3oOpaxeHHoe Ha puc. 4.43. Ero o6bem omnpenenurca us
ypaBrenus 2mx, S = V ,rme x, =m/2; V =2n%.
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< .

19!
\
b4 =SL
a z x X
2
Y
~ AL—— get
/i';___.
< n
7 (559 (% irn0)
Puc. 4.44 Puc. 4.45

B) Ilpu Bpamenuu Bokpyr npamoit y = 1 (puc. 4.44)
ueHTp Macc C ONMHULIET OKPYXKHOCTh [ C LIEHTpOM B TOUKE
(m/2, 1) papuycom 1 — y, . Tlo Teopeme I'ynbmuma 2 (1 —
-y.)S = V ,rne y, = n/8 CnenosarensHo, V=% 8—m).

3apaua 6. Haiitu o6beM Tena, Mony4yeHHOroO BpallleHH-
eM BOKpyT npaMoil y = 1 Gurypsl, orpaHMyeHHOH JIMHHSA-
M y = sinx, 0< x< m; y=1 (puc. 445).

Peumenue. Qurypa D cHMMETpUYHA OTHOCHTEJILHO
npamoil x = m/2, moatoMy LeHTp Macc C ee JIXHT Ha ITOH
IpAMOH, T. €. X, = m/2. Onpenenum y,. :
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w 1 ™
My, j‘J‘ydxdy =fdx [ ydy = %J‘ (1 —sin*x)dx=
0

0 sinx

TaAK Kak m = 7 — 2.
[pumenss teopemy I'ynbauna, mmeeM

v=2m(l-p)S, V= g (37 — 8).

3apaua 7. Haiitu o6beM Tena, MONYyYeHHOro NpH Bpa-
IIeHMH (UTYpbl, OTPAHMYEHHOR IMHUAME ¥y = ¢ ~,y = 0,
0 < x < +°0:a) Bokpyr ocu Ox; 6) Bokpyr ocu Oy,
B) BOKpYT Ipamoit y = 1.

Peuwenue Cunrtaa D marepHaJIbHOW IUIACTMHOH C
PaBHOMEpPHO pacrnpeneleHHOH Maccoi, INIOTHOCTh pachpe-
nenenus p(x, y) = 1, onpenenseM KOOPOMHATHI  LEHTpa
macc C. 3amerum, yTO B IAaHHOM cllyvae ¢urypa D Heorpa-
HUYEHHas, MOITOMY IIpH BbIYMCIIEHWH HHTErpajloB 0 Hed
HCToNb3yeTcs ollepalius NpefenbHOro mepexona:

A ex
Moy = [fydxdy = lim [dx | ydy = +5
D Ao O
A —X
M0y= [f xdxdy = lim [ xdx f dy = 1;
D Ao O
e—-x
m = [[dxdy hmfdxj dy =1, S=m;

D A0
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Yo = Tm

a) Ilpumenenue Teopemsl I'ynbauna naer (puc. 4.46)
cnenyoliee:

V=2my,S; V=nu2.

6) B ciryuae Tena, usofpaxeHHoro Ha puc. 4.47, ume-
eMm:

V=2mx,S; V=2m.
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Y
L
=
!
A 222 A Vs
0 ! X
Y
[~ - y=1
i
a , X
/f,z,oj
Puc. 4.48

B) Teno,monyuennoe npu Bpawenuu D BOKpYT IHps-
Mo#t y = 1, u30fipaxkeHO Ha puc. 4.48:

V=2r(1-y)S; V=3n2.



5. KPUBOJIMHENHbBIE HHTETPAJIbI

5 1. OIPENIEJIEHUE KPUBOJIMHEAHOT'O UHTETPAJIA
IO OYTE

Kycouno-rnankue kpuBbie. Kpugoii uru aunueii Ha-
3b18aeTCA MHOXECTEO ToeK  npocTpancrea R3, agasio-
wyuxca 06pazom npomexcyTka npu HeKOTOPOM Henpepbis-
HOM OTOOpaxceHuu.

Hanpumep, o6pa3om otpeska 0 < ¢< 27 mpu orobpa-
XKEHUH

xX=acost; y=asint; z=nbt

ABJIsAETCA BUHTOBasA uHuA (puc. 5.1). UsoGpaxenne xpu-
BOI1 IIpM 3HAYeHHUAX ¢ , IpUHAIEOKALIUX  MHOXecTBYy [0,
+ oo [, npuBepeHo Ha puc. 5.2.

HenpepsiBHOe 0TOGpaxenue MpomexyTka B R?  ompe-
Jenser Wwiockyw Kpusylo. Hanpumep, okpyxwHocts (pHc.
5.3) 3apaercs Kak HempepbIBHOe OTOGpaXKeHHe X = acost ;
¥ =asint npomexyrtka [0,27 [ na R?.Tlpu3ananuu mwioc-
KO KpHMBOH B KauecTBe TapamMeTpa YyacT0 paccMaTpUBaeT-
sl lepeMeHHasA X .
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4z 2.4

X

=X
ytx), xela, 67
Puc. 5.2 Puc. 5.4
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Ilpoctpancreennyio xkpugyio L :

L ={xy2)x=x@),y=y),z=z(@),

t€ [a,B1};

= @x@.,y@,z@); B=®).y®,

z (B))
C Hayaaom 8 Touke A u KOHYOM 8 Touke B nazoeem Ky-
COYHO0-2/1a0KOll, ecau oTobpaxcenue, ee 3ad0aroujee, Henpe-
Dbl8HO Oudpeperyupyemo Ha KOHeYHOM Yucae OTpe3KO08,
Ha KoTopble pazbur [a, B] , npuuem Ha KOHyax 3Tux OT-
pe3Ko8 cywecTeyioT 0OHOCTOPOHHUE npou38oonsle. Ilpo-
uzeoomnvle x'(t), y'(t), z'(t) ne pasuvr 0dnospemenHo
Hyato (puc. 5.4).

Kpusonuneinbiit uiTerpan no ayre. Ilycts B Touxax
KycouHo-riamoi kpusoit L C R® 3anana opynkimsa f(M)=
=f(x,y,2),MEL:

L:{(x,y.2)x=x(@), y=y(),z=2(),t€ [a,]},

Pa3oGbeM oTpesok [a, B] ocu Ot npou3BOJILHBIM 06-

pa30M Ha vactd [a;_,, ], =1,n, npuuem ] a
(Mo, (o (=% mni #7 w0 la, 1,0,1=1a |
BI] (puc. 5 OGOBH&'IHM a; —az._l At 3Haye-

HHIO ! =@, ooorBeTchyeT r0lu<a Ha KpUBOH L A= (@),
y(a), z(a;)) . Iommy nyru A; | A; o6osnaunm ASI..Oqe-
BMJIHO, UTO eclii & — IuameTp pa3bueHus orpeska [a,0] —

ycrpemuTh K Hymo, Tou AS; >0 Vi = 1,n. BbiGpas Ha
Kax[oM ydactke [a;_, ,a;] mpoussonmHyio Touky af
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Xgdyop ok epga, 4
o« a B

X Ai=(xfai ] y(=)2(%i))
Puc. 5.5

KOTOpO# Ha KpHBOJi OTBeyaeT Touka M; (x ‘(af), y (czl?e ),

z (af)) , COCTABUM HHTErpajibHyro cymmy ¢yHknun f
BIOONb L :

n n
0= 2 [0S, = Zf(x(a), y(a}) 2@,
B cnyyae mwiockoit muHUA

n
0= 2 f(x(a}), y(a]))AS;.

i=1

Kpusoauneiinbim unreepanom no oyze  Ha3vl8aerca
npeden UHTE2panbHOU CYMMbL G NPU CTPEMAEHUU & K HY-
a1, ecau ox cywecrgyer. OTMeTuM, YTO OH He 3A8UCUT OT
cnocoba pazbuenus otpesxa [a, 8] navactu u evibopa

* s .
npomexcyTounsix Touek a; , i = 1,n:

n
lim % fM)AS;, = [ f(x,y, 2)dsS.
§—>0 =1 AB
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CBeleHHe KPHBOJIMHEHHOrO HHTErpajia no ayre K onm-
penenenHoMy uHTerpany. Eciu kpuBas L 3apgaercsa mapa-
MeTpHUECKH:

x=x(S),y=y),z=2(5), SE[0,!],

rze B KayeCcTBe Mapamerpa UCIOJb3yeTCs ecTecraenbLii na-
pamerp, S — nnvHa nyru AM, A = (x(0),y(0), z (0));
B=@x(),y(),z()), 10

l
[ [y, 2)dSs = [T&(S), y(5), z(8))ds.
AB
Jlna xycoyHo-rnmaaKon XxpuBoit AB , 3amaHHOM B Ipo-

M3BOJIbHOM MapaMerpu3atuu x = x(1); y =y (t);z=z(0),
t€ [a, B] (puc.5.6),

, S
§ 16y, dS = (@@, 70, 2 (1)) V' (0)+

I2 12
ty (t)+z () dt

B NpENMNOJIOXKEHNH, YTO HHTErpaJl B NIpaBOM YacTH  CyILecT-
ByerT.

U3 ompeneneHus KpUBOJIMHEHHOro MHTErpaia no ayre
cleqyer, 4To:

L. ff(M)ds = [ f(M)as.
AB BA
2.Ecmu f(M) =1 YMEAB,10 [dS=Il,rne !l —
IUTMHA JIyTH. AB
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'S
o

z2=/xy)
| ;0 Is
e
0" g o X 0 =
(xarfoan 2= Y
45i= axtay; 22
==
z i X Acs M AL 8
Puc. 5.7

b aSi=Vardagfoart

Puc. 5.6

3.Hycry L — minockas KpHBas, NpUHagiexalas Iwio-
ckocti Oxy (puc. 5.7) . HenpepoiBHas pyHKUMA, 3adaH-
Hast Ha KpuBO#H L f(x, y), OllpedeNuT KpUBYI0 MpOCTPaH-
cTBa R®, OpTOroHasbHas Mpoekuus KoTopoit Ha OXy COB-
napiaer ¢ L . [Ipoussenenue f(M;) AS; npubmmxenHo on-
penemnuT IWIoIanb KycKa IIHHAPHYECKOH NMOBEPXHOCTH C
obpasyrolleii, mapauteNibHO# ocu Oz, ¥ HanpaBiswowei L .

Tounoe 3HaueHHe WIOIWANHM IWIHHOPHYECKOH MOBEpX-
HOCTH, OrpaHHYeHHON KpuBbiMH L u CD,

D ={xy2)|z=f(x), ()€ B}

TMOJTy4YHM, BbIWMCIIHB HHTerpan [ f(x, y)dS.
AB
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I X
r-ae Y

o

Puc. 5.8

3apava. Borumcnuth wHrerpan f xdS,roe AB —vuacrtb
AB
norapubmMueckoit cupanu r = aekv | HaXoJAIIAACH
BHYTpH OKpyxHOcTH r = a (puc.5.8) .

P eur e ue. YacTb cimpany, pacnosioXkeHHass BHYTpH
"OKpYXHOCTH r = a, 3apjaercs GbopMyIon r=ae¥ o<
< ¢ < 0, 7, ¢ —nonapHeie KoopauHaThI. Ilepexons k
MapaMeTpUYeCKOMY 3a[IaHHI0 K pUBOH

x=aek“’cos<p; y=aek‘psm¢,¢€] —oo 0] ,

MOy M . __
2 /72
[ xdS = [ aek¥cosp/k? +1 d‘p=2ﬁ?2kg,
AB Lo 4k%*+ 1

yunThIBas, yTo  lim ezk“’(2kcos¢+simp) =0, TaK KakK

p—> —oo

etkv 0,a
| 2kcosp +sing | <2k +1.
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§.2. MEXAHHMYECKHE ITPUJIOXEHHU A

Macca kpuBoii. BpruciieHne Maccel MaTepHaIbHOM
KpUBOH AB c IUIOTHOCTBIO paclpefeneHus, 3a[aHHOH He-
npepsIBHOM GyHKIMeR p (X, Y, Z), CBOOUTCA K HAXOx[e-
HHIO KPMBOJIMHEHHOTO MHTerpasa 1o nyre AB ¢ NOMbIHTer-
panbHOi# yHKIMeR p(x, ¥, z):

m=[plk,y,z)ds.
AB

370 crieflyeT U3 MPeBAPHTENHHOTO , TIPUGITIDKEHHOTO,
BbIYHMCIIEHUS Macchl KpUBO#. Macca yuacrka Kpuso#t 4;_
A; npubmaxenHo pasHa p (M;) As; ,rne M, — npona-

BOJIbHAA TOYKA nymA 1,Ai,aASl. — ee mIvHa. Pa36us
nyryABHayqachnA Ai ,i=1,n, umeeMmm =

1)
~ .le(Ml.)Asi .
l:

CrarnuecKuii MOMEHT KpHBO#. BoIlpocel, CBA3aHHBbIE
€ Maccami, HeIpepbIBHO paclipefelieHHbIMH BOONb KPUBOIA,
HpUBOAAT K KPUBOJIIMHEHHBIM HHTErpajiaM IO AyTeE.

Craruyeckue MOMeHTbl MaTEpUATIbHOW KpUBOH AB ¢
IUIOTHOCTbIO pactipeniesieHuss p (x , y , Z) OTHOCHTENBHO KO-
OpOMHATHBIX ITT0CKOCTEH BBIMUCIIAIOTCA IO hOopMyTIam:

My =1[zpC,y,2z)dS; My, = yp(x.y,z)dsS;
Oxy AB Oxz AB

M

= [ xp(x,y,z)ds.
Oyz AB

6 3ak. 5346 145



bé z
J M3(0.4,2) _M3(ay, 2)
/ |

/ g May2) “/1/5

|

A
)

| //Y

|

|

7/
7/
7

My(0,4,0)

KoopnuHaTth! 1eHTpa Macc onpenensioTcsa no ¢opmymnam:

_ Aaba. __Asz_ Aaby
c m’ yc_ m c_.m

MoMeHT HHepuuH KpHBOH. MOMEHTBI HHEPLMH OTHO-
CHTEJIbHO KOOPIMHATHBIX OCeH BBIYMCIISAIOTC MO dopmy-
nam:

I = /{B(y’ +z3)p (x,y,2)ds;

I, =1 x*+z)p(x,y, 2)ds;
AB
I = [ (x*+y)p(x,y,2)ds.
AB
Ilnist BBIBOMIa paccMaTpyBaeMbIx hopMyI HEOGXOIUMO

YMETb ONpENesATh pACCTOAHUE TOYEK IIpOCTPAHCTBA [0
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Puc. 5.11 Puc. 5.12

KOOpIHMHATHBIX Oceil (pHc. 5.9) U KOOpPOMHATHBIX IUIOCKO-
creit (puc.5.10).

Teopema I'yrmmouna. B ciyuae mwiockoit Kpusoit AB ¢
PaBHOMEpHO pacllpefelIeHHOM Ha Heli Maccoi p (x, y, z) =
= const KOOpAMHATHI LIEHTpa Macc 3ajaTca Gopmynamu:

[ xds [ yds
. —AB _ 4B
T ias 0 YT [ as
AB . AB
YuurpiBas, uro [ ds = I, umeem 2my I = [ 2myds.
AB AB

TleBas yacTh NoNTyyeHHO GopMyIibl INpefacraBiseT coGoi
NIpOM3BeIeHUE [UTMHBI OYTH AB Ha [UIMHY  OKpY>XHOCTH ,
omycaHHo# ueHTpoM Macc C okono ocu Ox. IlpaBas vacTp
3ajaeT WI1oaab MOBEPXHOCTH, MOJIyYEeHHOH OT BpalleHus
KpuBON AB BOKpYyT He NepeceKaolle ee ocu Ox,Tak Kak
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BbIpXeHHe 27y, ds; ONpeeIHT IWIoLab GOKOBO NOBepX-
HOCTH mmm-mpa BEICOTA Koroporo ds; (puc. 5:11,5.12).
Wraxk, cnpaBemuBa reopema FyﬂbOuna

Beauuuna naowadu nogepxnocru, noayuennoii ot 8pa-
Wenus Kpugoii B0Kpy2 HeKOTOpOil He nepecekarowel  ee
ocu, pagHa Oaune Oy2u 3Toll KpU8oli, Y MHOXEHHOU Ha Onu-
HY OKDYWHOCTU, onucarHoli yentpom macc C kpugoii: P =
=2my I

YuurbIBas, yTO [JIs1 OMHOPOOHOM MAaTepHAIBHOW KpH-
BOIf C IUIOTHOCTBIO pacnpeneneHus p (x, y) = 1 Macca Kpu-
BOH M WMCIIEHHO paBHa JUIMHE KpuBo# / , umeem P =

=21 =<1 ,1.e. P=21M
m x

Teopema I'ynbauna MoxxeT 6pITh  MCIONIB30BAaHA VIS
ollpefieNieHNUs IUTOLAy TOBEPXHOCTH TeNa  BpALLEHUA B
Cllyyae, KOT[a M3BECTHO MOJIOXKEHHE LIEHTpa MacCc KpUBOA.

3apava 1. Haiitu miuny KpuBoit x = gcost ; y=asint;
z=bt, 0<t <2m.

PemeHnue.

27
I=[dS= [ «/a*sin®t +a’cos?t+b? dt =
L 0

= 2n\/a*+b? .
3anaqa 2. Harml wiowans 60K0BOM MOBEPXHOCTH LIU-
THApa x? +y*> =RXx, OrpaHMYEHHOrO IUIOCKOCTHIO Z =
= 0 uchepoit x2+y%+z2 =R? (puc. 5.13).
P e 1 e H u e. [TepeceueHue ceppl ¢ WWTHHAPOM SABIISA-
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\ a R R X
\ 7
\\ /
\. 4

eTcA KpUBOM, Ha3pIBaeMOil KpuBOY BuBuanu:

22 =R? —x* —y?; x?+y% =Rx.

YuuThIBas CHMMETPHMIO TOBEPXHOCTEH OTHOCHTEJIBHO

IWIockoctd Oxz , oNpeneluM IUIOIIAAh YacTH TOBEpXHO-
CTH, JIexkaled B iepBoM okTaHTe: 0,5P = | zds.

L
Kpusyro L 3ammiem B napamerpuqecxoﬁ dopme:

x——(1+cost) y——smt ost<m.

Torma

1 n R2

5P=f R? —_Rx dS = | Vv 1—costdt=
0

2m
= R j‘sm dt R?% .

3apaua 3. Haittu maccy nyru xpusoii x2+y2=z2 y’*=

=ax , or Touku 0 (0, 0, 0) mo Touxu 4 (4, @, a+/2), ecnm
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JMHelHas WIOTHOCTh ee B (X, V', Z) paBHa 2z (puc. 5.14).
Pemenwue.

m = [ zds;

OA
0A={(X.y,2)lx=x, y=Vax , z =+/x2tax,
0<x< aj;

a 2 _
m = %I 8x2 + 9ax + 24* dx=2a (100/38 —
0

562
—72+17In 25—1*7—— 438y

3apava 4. Haiitu neHTp Macc KOHTypa OIHOpOIHOTO
cepuueckoro Tpeyronsauka x>+ y2+z2 =R* , x> 0
y =2 0, z = 0 (puc. 5.15).

P e ur e nue. Tak xak paccmaTprBaemas IIOBEPXHOCTb
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y=1x)

Al-alb [ Is 8/(a,6)
-a a a X
Puc. 5.16

OTHOPOJHA M CHMMETpUYHAa OTHOCHTENIBHO BCEX OMCCEKT-
PAIbHBIX IUIOCKOCTeH, TO X, =y, =z, IlpeaBapurensHo
OIpE/IENIUM CTATHYECKMH MOMEHT KOHTYpa TpEyroJbHHKa
OTHOCHUTENBHO WwiocKoctu Oxy; L =L UL,UL,:

L, ={(0,y,z)|y = Rcost, z=Rsint, 0<t<1r/2};
L, ={(x, 0,z)|z =Rcost,x =Rsint, 0<¢ <1r/2};
<

L, ={(x, 0)|x=Rcost,y=Rsint, 0<t <n/2};

w2 w2
M, ., = [zdS = [ Rsintdt + [ R?cost=2R?,
A 0 0
Maccy KoHTypa ompenenum, 3Has [UTHHY OKpPY>KHOCTH
R m =3¥R _ 3R -, = 4R
.m—34 == -Torma x, =y, ==

3apava 5. JlokasaTs, uTo ecliu IDTOcKas KpuBaa L ¢
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PaBHOMEDHO paclpefeleHHON Maccoil HMeeT OCh CHMMeT-
PHH, TO IEHTP MAcC JIEKUT Ha 3TOH OCH.

Pewenune. Ilycrs kpuBasg L CHMMeTpUYHA OTHOCH-
TenbHO ocu Oy (puc. 5.16) . Ilokaxem, uto x,, = 0,715 ve-
ro ONpefeuM CTaTHYECKHUH MOMEHT KpUBOH  OTHOCHTEIIb-
HO ocu Oy:

a 2
Mg, = | xdS = [x3/1+f (x) dx.
AB -a
3ameTHMm, yTo eciu GyHKIms f(X) — yeTHas Ha [—a |,
al,r.e. f(-x) =f(x), T0 cipaBeIUBO COOTHOLIEHHE
—f(—x) =f'(x), 1. e. [ (x) — HeueTHaa dyHKIMs.
CraTHyecKuil MOMEHT OIIPENENIMTCA KaK HHTErpajl OT
HeYeTHOU GyHKIUH:

a M
My, =[x/ 147 (x) de=0; xc=—~’:y=0.
-a

3apaua 6. Haiitu mmoniags NOBepXHOCTH TOpa,o6pa3o-
BaHHO¥ BpallleHHeM BOKpPYT ocd Oy OKpPYXHOCTH C LEHT-
pom B Touke (a, b) papuycom R, R > a (puc. 5.17).

Pemenue Bymem cuMraTh OKpy>XHOCTh MaT€pHaJIb-
HOW KpHBOW C paBHOMEDHO pAaCIpENeNeHHON Maccon
p(x, ) = 1. Tak Kak KpHBasg CHMMETPHYHA OTHOCHTEIb-
HO MpAMBIX X =a U y =D ,UEHTp Macc pacloJIOXeH B
LEHTpe OKPYXHOCTH X, =a,y, = b.

[Inomans MOBEPXHOCTH TOpa OMpeIeNIUM C IIOMOLIBIO
Teopems! I'ynpauHa: P = 21rxcl . Tak xak ! = 2nR, 10 P=
= 4n*aR .

Ectu R=a,10 P=4m%ad* .
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3apava 7. Hajitu miowany noBepxHocTH, 06pa3oBaH-
. . x
HO¥ BpallleHHeM LIeNHOM TMHUK y = ach Zz % € [-b, b]:

a) Bokpyr ocu Ox; 6) Bokpyr ocu Oy; B) BOKpYT Iips-
MOH# y = Xx.

Pemenue. Tak kak KpuBasg CHMMETPHYHA OTHO-
curenbHO ocu Oy , IIEHTp Macc ee JIEXHUT Ha 3TOH OCH, T.e.
x, = 0.Macca kpuBO# WHCIIEHHO paBHa JJIMHE ee:

b
m=fds=2;\/1+sh2§dx =
L [+]

b x ., _ b
=2£ch3dx—2ashz.
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o

Puc. 5.18

a) OnpenenuM CTaTHUECKH MOMEHT ~ OTHOCHTEJIbHO
ock Ox (puc.5.18):

b b

= - 2 X a4 Xy dx=

MOx_fde—a’r,Ch adx— 2]‘ (1+ch2a)dx
L —b -b

2b+a sh -2—;1

= %(2b+ash»—2£); y. =

a 4 b

4sh —

a

HUcnonb3ysa reopemy I'ynpouHa, umeem
P = na(2b+ash 22,

6) PaccmatpuBas BpauieHue BoKpyr ocu Oy, B Kaue-
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ctBe L Gepem KpuByIo y=ach§ , 0<x<b. B 3rom

cllyyae och BpallieHus He epecekaeT KpuByio L (puc.5.19).
Haxonum cratuyeckuit MOMEHT ee OTHOCHTENBLHO OcH Oy:

b —— % b
Moy = | xdS =ojx\/1+sh22idx =£xchj1£dx =

_ b 2. b, 2 _ b a2.0b
—qbshz —a ch—a-+a , P—21r(absh;—a chz+
+a?) .

B) Bpaienne Bokpyr ocu y = x Ioka3aHo Ha puc.5.20.

Paccrosnue nenTpa Macc C 0O OCH BpAILEHHS Y = X BbIYMC-

JIUM KaK KaTeT NMpsAMOYTOJIBHOTO paBHOﬁereHHOFO Tpe-
YroJIbHHKA C I‘HHOTGHYBOﬁl
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i

(0,4c,0)
y=x .

Puc. 5.20

2b
2b +ash i

d=
\f2_4sha2

ma 2b
;. P=—(2b+ash =2) .
\/2( a

5.3. KPMBOJIMHENHGII UHTETPAJI [10 KOOPOUHATAM

OnpeneneHre KPUBONHHEHHOr0 HHTErpasia N0 KOOPHIH-
naram. ITycTh B TOuKax KycouHO-raKoi kpusoit L C R?
3agana dyuxkuus f(M) =f(x,y,z), MEL:

L={(x.,y.2)|x=x@1),y=y@), z=2(1),
t€ [a,8]}.

IpousBens pa3Guenne orpeska [a, 3] MpOH3BONIBHBIM
06pa3om Toukamu 1y, k=1, n;6=maxA t, ,  BBITMCTHM
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3naveHus X, = x (), ¥, =y (), zx =z (t;) .Torma x; —
Xy TG V=V T s -5 =07

MocTpoum uHTerpasbHble cymMmsl byHkIuu fmo  x,
yu z Boonp L:

o
"x=k§lf(2k > Mg ,§k)Axk H

n
o,= X , M s Ay, ;
'y k=1f(£k Mk fk) Vi

OZ =k§1f (Ek’ nk ) ‘.k) Azk )

rae (& .My »$;) — NpOM3BONBHO BbIfpaHHas TOuKa, Jie-
xawas Ha oyre M, My M, ~ t, M~ b k=
=1;n (puc.5.21).

Ecau cywecteyior npedeast lim o, lim o, ling,,
50 50 50

He 3a8ucawue Hu oT cnocoba pa3buenus Kpugoii, HU OT

8b100pa Touek, TO UX HA3b18AI0T KPUBOAUHEUHbIMU UHTe2-
panamu no KoopouHatam u 0603HAYAIOT COOTEETCTEEHHO

[fyax, . [fMydy, [f(M)dz.
L L L

1

Ecnu Ha L 3apanbl dyukmmu P(x, y,2),0(x, », z),
R(x, y, z) , unTerpupyemsie BAONDb L , TO BbIpaKeHHE

JP(x,y,z)dx+[Q(x,y,2)dy + [R(x, y, z)dz
L L L
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Ha3bIBAIOT COCTAGHbIM UHTE2PAAOM WIN KpPUBOIMHEHHBIM
UHTezpanom obuje2o 8uoa ¥ 0603HAYAKOT TAK:

[P(x,y,z)dx + Q(x, », 2)dy +R(x,y,z)dz.
L

CBs3p MeXIY KpHBOJIMHE{HBIMH HHTEr pallaMH IO 1y-
re u o koopmuHaram. HanpaBneHue or Touku 4 K TOYKE
B Ha xycouHo-rmankoi KpuBo# L 3afaeTcs HanpaBiIeHUEM
KacaTeJIbHbIX B KaXIO0# TOYKe KpPUBO#l, Ife KacareiabHas
cyuiectByer. B Toukax kpuBo# L , B KOTOPbIX CYLIECTBYOT
JULb OOHOCTOPOHHME KacaTeJIbHbIe, pPacCMaTpPUBAIOTCA
U151 OTIpefielIeHHOCTH TpaBpje  IONyKacaTelbHble (pHC.
5.22) . EnuHuuHbIA BEKTOp A MOJIOXHTENBHOM# MOJNTyKaca-
TEJIBHOM B TouKe M KpuBO# L 3amajuM ¢ IOMOLIbI0 Ha-
HpaBNAOLIKUX KOCUHYCOB (pHC. 5.23):

A= cosa (M) él + cosfB (M) 32 +cosy (M) g, ;

cosa(M)— (t) ; cosB(M) = %;))

cosy (M) = %'% ;P = x'z @) +y O+ 0.

Teopema. Eciu L — KycouHo-riiafgxKasi KpuBas u

L:{(x,y,9lx=x@),y=y@), z=2(),
t€[a,p]} .10
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JP(x,y,2)dx =(P(x,y,z)cosadsS ;
L L

[Q(x,y,2)dy=[Q(x,y,z)cospdS ;
L L

JR(x,y,2)dz = [R(x,y,z)cosydS
L L

B IIPENIIOJIOXKEHNH, YTO MHTErpaisl B IpaBbIX YacTAX pa-
BEHCTB CYLIECTBYIOT.

YyurpiBasg BO3MOXHOCTb CBEIeHHsT KPHUBOJIMHEHHOIO
MHTErpasia Io gyre K olpefelleHHOMY HHTerpalny mia Ky-
COYHO-TTIAIKON KpUBO# L , HMeeM

j'P(x,y,z)dx+Q(x,y,z)dy+R(x,y,z)d2 =
L

B
=Pk ®), y(), z(O)x' () +Q(x (1), » (1),
()Y (1) +Rx (1), y(1),z(1))z' (1)) dr.

5.4. YCIIOBUE JWJIEPA

®opmyna I'puna. PaccMoTpuM IWI0CKOE  MHOXECTBO
ECR?:

E={(x»1a<x<b, () <y<v®} ,
npuuem GyHKIMKM ¥ = ¢ (x), y = ¥ (x) npemmonaraem He-

IpepbIBHBIMHU BO Bcex Toukax X€ [a, b], 3a ucKioyeHu-

€M, MOXeT GbITb, KOHEYHOTO YKUCIIa TOYEK pa3pbiBa MepBO-
o pofa.
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Y Y sy(x)
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| #x) {
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I | .
1 ol a c 8 x
o a & x
£ Bounrynso 8dons OY Puc. 5.25
Y 3
| 22
| |
| |
1 1
[ a 8 x
£ we Bsinynno bdone OY

Puc. 5.24

Mnoxcecteo E Ha3zvigaeTca 31eMEHTApHbLIM 8001b OCU
Ox, ecau E gvinykao 60oab Oy u npoexTupyerca Ha oT-
pe3ok [a,b] ocu Ox (puc. 5.24).

Ecnu E' anemenrapao Boons Oy , TO rpaHuua ero OF
COCTOHMT U3 KOHEUHOTO YHCIIA OYT, ONpefeisseMbIX GyHKIY-
aMu ¢ (x) u Y (X), 1 KOHEYHOTO YMCIIa BEPTHKAIBHBIX OT-
pe3koB (puc. 5.25) . [Ipumep MHOXeECTBa, 3JIEMEHTAPHOTO
BOoNb ocu Ox , IpUBeMeH Ha puc. 5.26.

Muoxcecreo E Ha3zvigaerca cocTagHbIM, ecau cyujecrt-
8yer pa3zbueHue e20 Ha KOHEYHOe YUCA0 MHONeCT8, 3fe-
MenTapHbix 800ab Ox uau Oy (puc. 5.27).
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I3

E snemenmapno 8done 0Xu0Y

22T

E 3nemenmapua 8done 0X

Puc. 5.26

Teopema I puna.FEcau gynkyuu P(x, y) u
O (x, y) HenpepvigHo Ouepenyupyemsl Ha COCTABHOM
Mroxecrge E enaors 0o epanuybt 37020 MHOXECT8A, TO

§ P(x,y)dx+ 0, y)dy = f (222 _

OF E x
oP(x, )

oy )dxdy ,

20e nanpasnenue Ha 2panuye OE muowecrea E  evibupaer-
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=
>
o

E=LyuL,
Puc. 5.28

Puc. 5.29

¢A 8cez20a Tax, yTobvl npu 06xo0e 8 YKA3AHHOM HaAnpas.e-
Huu obaacty E ocraganacs caesa (puc. 5.28).

Hanomuum, uto yHkiua wenpepbvigHo Ougdhepen-
yupyema naoTb 00 2panuybl , €CIIA OHA HENpepbIBHO nud-
¢depeHIMpyeMa Ha HEKOTOPOM MHOXeCTBe M , MOIMHOXe-
cTBOM KOTOpOro saBnsercsa E (puc. 5.29).

Boipaxkenne unowagu MIOCKoH o6nacTu yepe3 KpUBoO-
nmuneitsle uHTerpanbl. [lon6epem dynxkuun P(x,y) H
O(x,y) HaE T1akuM ©06pa3oM, uToGbl BbIpaXKeHHe

0(x.y) _ 0P(x.y) _,
ox oy

V (x, y) €EE , Torga Ha ocHo-
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BaHmu dopmynsi I'puna
mesE = [ P(x,y)ox +Q(x, y)dy .
oF
B vactHOCTH, IpH P = —y , 0 = x UMeeM
mesE = —; [ xdy — ydx .
OFE

He3aBHCHMOCT, KpHBOJIMHEHHOTO MHTErpana ot ¢op-
Mb! KpuBoit. [Ipenmonosxum, yto KpuBas L ¢ HayaioM B
TouKe A ¥ KOHLOM B Touke B mpunamiexur E ,roe E —
OIHOCBsA3HasA 06J1acTb, M PACCMOTPHM COCTaBHOM MHTErpaj

I = [P(x,y)dx +Q(x, y)dy (puc. 5.30) mia ¢yuk-
L

muii P(x, y), O(x, y), HenpepbIBHbIX Ha E U HEelpepbIBHO
o depeHnrpyemsix Ha E BIUTOTh 10 rpaHuusl. Eciu npu
no6bix A u B, npuHamiexamux E |, BenuuuHa I TomHOC-
ThIO ONpeneNAeTcd 3aJaHUeM Hauasla A ¥ KOHIOM B, TO
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®
A ve

Puc. 5.32 Puc. 5.33

TOBOPAT, YTO MHTErpaJl He 3aBUCUT OT KPHBOH MHTErpHpO-
Bauusa (puc. 5.31).

[IpuMepbl OOHOCBA3HbLIX U MHO20C8A3HbIX ObnacTel
HpHBeeHbl COOTBETCTBEHHO Ha puc. 5.32, 5.33.

Kpurepuii He3aBUCHMOCTH KPHBOJIMHEHHOTO MHTErpa-
na o koopauHatam. Hureepan I =[ P(x, y)dx +Q(x ,
AB

y)dy He 3a8ucut ot kpugoii L CE, coedunsioweii Touxu A
u B o0nocensnoili obnactu E, ecnu oaa nenpepvi@no Ougp-

pepenyupyemoirx 8 E gynrxyuii P(x, y) u Q(x, y) 8vinoa-
Haerca ycaosue Jiinepa

00(x,y) _ 9P(x,)
ox - oy

V (x, ) EE.

3ameTHM, YTO OTHOCBA3HOCTH ObmnacTy E ABnsercs cy-
ILeCTBEHHbIM YCIIOBHeM Teopemsl. Hampumep, ¥V (x,y) € E
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(puc. 5.34) BBINONHAETCA YCIIOBHE » = —— . OpHa-

KO eclIi
[ Pdx + Qdy = [ Pdx + Qdy,
L, L,

TO He 0653aTEJIbHO
| Pdx + Qdy = [ Pdx+ Qdy.
L, Ly

3apava 1. Haiith mnowans ¢urypsi, orpaHuyeHHON
acrpoumoit x =acos’t, y =asin®t, 0<1r <2 (puc.535).
Pemenmue.

2 2

. T
mesE = = [ xdy — ydx =3 g? fs1n2tcoszta7t=ﬁ--3 Ly
2] 2% 8

3apaua 2. Boiymonurs wmHTerpan I ={ (x +y)dx +

AB
+(x—-y)dy,eamA(-1,~1), B(1,1): a)Bnons npsamoi
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y =x; 6) Boonb Tomanoit ACB, roe C(1, —1); B) Bnomns
PAacIoJIOKEHHO! B nonynnocxocm y < x (puc.5.36) ny-
I OKPYXHOCTH X> +y? =2,

Pemenuea)l =] (x+y)dx+ (x—y)dy=
. AB
= [ 2xdx= 0;
-1 1 1

6) 1= (x—Ddx+ [ (1-y)dy=0;
-1 -1

B) ypaBHEeHHe paccMaTpUBaeMOW MOJYOKDYXXHOCTH
3amulileM B IIapaMeTpPI‘{eCKOM BULle: X =+/2 cosp; y=

m
=+/2sing, ——i‘ﬂ< ¢ <T Torpma I —jj4 (cos2¢ —
—5/4am
— sin2¢)dyp = 0.
UHTerpai or Touku A [0 TOUKH B B cllyyasx MHTer-
PHMPOBAHHUA BAOJb NPAMOH, IOMAaHOH, OKDPYXHOCTH paBeH
OOHOMY M TOMY Xe€ YMCiTy. ITO He CiIy4yaiHo, TaK Kak

nofpHTerpabHbie pynkuun P=x+y ,0=x—y ynos-

JIETBOPAIOT YCIIOBHIO HE3aBHCHMOCTH 9P = Q-Q— =1
P y oy ox ’

(1,0) xdy — ydx

3apmava 3. Borumcnuts wHterpan/ = [ 0 ——
(0-4) x-Y)

a) BONB NpAMOi, coenuusoutei Touku 4 (0, —1) u B(1,0);
6) Bons nomauoit ACB ,rue C(1,—-1); B) Bpooms myru
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Y
x2ey2eq

//
/
Y
o/ \ena
7| y=x-1 p {
i o c(20) | g0 8039
d Ye-1 ,(-—ZI g Xr
4 C(1-,
A(0-1) 1) Af2-1)
Puc. 5.37 Puc. 5.38

OKpyXHOCTH X2 +y% = 1, pacnosioxeHHO# B MOJyIUIOC-
Koctd y > x — 1 (puc.5.37).

1

Pemenue.a) /I = [dx=1;
0

1 0

6= _dx day

_ 1,
o (x+1)? -1 (1-y)? 2

1_q.
= o=1

B) YTy OKPY>XHOCTH 3allUIlIeM B IIapaMeTpUYecK o
dopme:
x=cosy; y=sing, 0<p<

N W

m,
32w d

1= —2 ___— 1
o (cosyp —sing)

168



IInsa noppIHTErpalbHbIX GYHKLWH JaHHOK 3amaum P =
Y

0 x

20 ¥ 2 Y
(x-») x-»
BBIIOJIHEHO BO BCEX TOUKax IUIockoctH Oxy , 3a HCKIIIO-
YeHMEM TOYEK NIPAMOM Y = X , B KOTOpbIX GyHkuuu P(x, y)
U Q(x, y) He CYLLECTBYIOT:

oP x+y 00 x+y
s oS T T3
oy x-»°" ox x-»
CremoBaTenbHO, paBEHCTBO UHTETpajioB BIOJNb Ips-
MOH ¥ TOMaHO¥ 00YCIIOBIIEHO.

CIIOBHEC HE3aBHCUMOCTH

(3,0)
3amava 4. Borumomuts I = [ (x* +4xy3)dx o+

(_2 9_1)
+ (6x2y* — Sy dy .

PemeHue. [lompmrerpansubie Gynxkumuu P= x* +
+4xy® u Q = 6x*y* — 5y* Ha wiockocti R*  ynoBnerBo-

AI0T YCJIOBHIO HE3aBUCUMOCTH — = 12xy?%; —— =
P y oy Y Tox
= 12xy?, n03TOMy MHTErpajl He 3aBHCHT OT KDHUBOH MH-
TerpupoBanus. Bo3bMeM B KauecTBe KpuBoii Jomany1o A(B,
roe C(-2,0), 3BeHbsA KOTOPO# Mapa/uieNbHbl OCAM KOOp-

.5.38):
OUHAT (plgc 38) ,

I=[Qe*-5yHYdy+ [ x*dx=62.
-1 Z2
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BhluKcnieHHe KpHBOJIMHEHOTO MHTErpaia B Cliydae
MHOrocBs3Ho# obnactu. Ilycrs dynkuuu P(x,y) u O(x,»)
HelpepbIBHO OubdbepeHuupyeMbl U YOOBIETBOPSAT yCIIO-

oP o0

BHIO b—}; = x B MHOTOCBA3HOM o6nactu (puc. 5.39).

Ts xpuBo# L , coenuustioweit Touku A U B, npuHamte-
xamue G , pacCMOTpUM MHTErpai

I = [ Pdx + Qdy.

L

Ilycrs L, — xpusas, coequHsmow@as Touku A u B,

TnoiyyeHa u3 L, HeMpepbIBHOH fedopmaument, B XOe KO-
TOPO# He 3aTparuBalOTCsA TOUKH, He MpuHamiexamue G .
Torpa sty medopmanuio MOXHO paccMaTpuBaTh B HEKOTO-
poil omHOCBA3HOM mopmofinactu obnactu G M MO Teopeme
HesaBucumoctu [ Pdx + Qdy = I ,npuuem [ Pdx+Qdy+

L, ALlB

+ [ Pdx+Qdy =0.Ecnu paccmarpusarh Kpusyw L,
BL_A
pacn%mo;xe}mym TaKkuM ob6pa3oM, uTo nogobnacts obmac-
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™ G crpaduuert L UL, He sBIs€TCs OQHOCBA3HOM (KaK,
HanpuMep, Ha pHc. 5 40) ’Io B 5ToM ClIyyae MHTerpal IO
L, He 0hsA3aTeNBHO paBeH MHTerpaiy 1o L |

B cnyuae, moxa3aHHOM Ha puc. 5.41, m{rerpan mlL,
PaBeH HMHTerpaiy mo L | . TaK KaK MHTErpan MO rpaHuue
OIHOCBS3HOH nonoﬁnacm orpannuenHoi L, UL, paBeH

HYJIIO.

5.5. PABOTA IIEPEMEHHO! CHJIbI
PaGora MOCTOAHHOM CHIIBI 17" MO NMCPEMELIEHHI0 MaTe-
pHabHON Toqxn M B TOUKY N paBHa nponsseneﬂmo A=
FScos(F S) eciu S - MN ,a (F S) — Yrom mMex-
[y HalpaBJICHMEM CWIbl U HallpaBJIeHHEM  IepeMeLleHUs
touku. Takum obpasom, A = IT’ -MN (pnc; 5.43).

[Ipu HellpepbIBHOM M3MeHeHuH CWibl F = F (x,y,z)
U HEeNpSAMOJIMHENHOM Iy TH NIepeMeELLEeHUsA [J1s BbIYMCIIEHHUA
paboTbl NpuberaoT cHayasia K ee MpHOIIMKEHHOMY OIpefie-
nenuto. [lycTs nop meiicTBUeM cunbl

1;'=P(x,y,z)é’ +Q(x,y,z)'e' +R(x,y,z)'e' ,

roe €, , &, , &, — OpThl KOOpAMHATHBIX Oceil. MaTepnaib-
Hast TOuKa nepememaercx BJIOJIb JIuHUM L :

L={(x,y,2)Ix =x(t), y=y(), z=2(t),

< 8}
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oT Touk A 10 Touku B . PazfinBas npou3BOIbHbIM 00pa-
3om nyry AB (puc.5.43) Ha n yacTeidl W cuuTas Ha Kax-
IOH YaCTHYHOM Oyre CWIy MOCTOSHHOIA, onpenensem pa6o-
Ty A TpUGIIDKEHHO CyMMOM

n .
A~ BEM), TM))LS;,

rae M; — npou3BONbHAA TOYKA, MPHHAJUIEXKAIIAs i-it ny-
re; ;(Mi)—ezm}mqnmﬁ BEKTOp KacartenbHoW K L B TOU-
Ke M;; AS; — nyjuHa YaCTUYHOM JyTH.

[lepexons k mpeneny, yctpeMnsis Ouamerp pa3tue-
HHA K HYJII0, TIOJIyYaeM

A= [ (FM), 7(M)dS.
AB

5
O6GpaTuM BHUMAaHHeE Ha TOT (aKT, 4TO €CIIH (F/,\'? ) =
=72 VMEL ,10 A=0,T.e. cwia, MNepHEHAUKYIISAD-
Has K HallpaBJIEHUIO TIepeMELIEHUs, paGoTbI He IPOU3BOMIMT.
Ecnu peiicTByiomyio Ha TOUKy cwiy ' pa3noxurbs Ha
IBe COCTaBIISAIOIIME: MO KacaTeJIbHOH K HalpaBJIeHHIo Iie-
PEMEILIEHUA 1 HallpaBJICHUI0, NEpNeHAUKYIAPHOMY K He-
My (puc. 5.44), 10 paGoTy cOBeplUaeT M KacaTeJlbHas

cocraBnzroman F, = Fcos( F)T) .

Torpa
A= [ Feos(F, 7)dS = [ F,(M)ds.
AB AB
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Puc. 5.43

F
Y
n —
N
A=F-1iN
Puc. 542
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YuyurbiBas, 4To

F) =PMZ +QME, +RME, ,
?(M) = cosa (M) gl + cos 3 (M) 22 + cosy (M) 23 .

roe @, 3,y — yrisl, 0o6pa3oBaHHbIe BEKTOPOM KacaTellb-
-
Ho#i 7 (M) c OCAAMH KOOpIOMHAT, UMEEM

A= [ (Pcosa+ Qcosf+Rcosy)dS.
AB

Hcnonb3ys reopeMy O CBsA3M KpUBONMHEHHBIX HHTErpaJIoB
10 Ayre ¥ KOOpAMHATaM, 3alMilieM paboTy IepeMEeHHOM
CWIBI B BHle MHTerpana

= [ Pdx + Qdy +Rdz.
AB
3apava. Haiitu pa6Goty BexTopa F = —yg + xg +

+ce (¢ — nocrosiHHasA) BOOJb BaMKHyTOI'O KOHTYypa L,
roe - {(x ¥y, )l (x=2)%+y* =1,z —0}(pH0545)

P e e H u e. [Ipumenss bopmyiny l"pm{a U YYHTBIBAA,
yTO IUIOINAAbL Kpyra paBHa mR? (B Hamem cnyvae R=1),
nMeeM

A = ¢ (-ydx + xdy + cdz)= [(-ydx + xdy) =
L l

= [[2dxdy = 2n.
D
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20k

¥iznatenscteo 'Beluwsiiwan wkona'’

KHura conep>xur OCHOBHbIe NONOXe-
HUA MaTeMaTMYeCcKOro aHann3a MyHKUUNA
ABYX NEepeMeHHbIX B UX reoMeTpPu4ecKow
VMHTEPNpeTaumm, a TakXe TWUNOBble NpPu-
mepbi. [puBeaeHHbIW MaTepnan nomo-
XeT uyurateno 06pa3HO npeacraBuTH
CMbIC/T TaKWUX MOHATUW, KaK Henpepbis-
HOCTb 8 TouKe, auddepeHUUpyemocTs
PYyHKUMIA ABYX nNepeMeHHbIX, nonHee
W3YYUTb ABOWHOW W KPUBONMHENHbLIK
VHTErpansl.

MNpenHasHayeHa ANA y4awMUXcA Tex-
HUKYMOB ¥ CTYAEHTOB BY30B, W3y4ao-
UMX MaTemaT/YecCKUW aHanu3, a Takxe
ANA BCEX, UHTEPECYIOULMXCA MaTematu-
KOMW.
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